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AHHOTALIUS

OCHOBHBIMHU LIEJISIMU U3YYEHHS AUCHUIUINHBI SBIISIOTCS MPUOOpETEeHNE TEOPETUIECKUX 3HAHUN
U MPAaKTUYECKHX HAaBBIKOB B paboTe ¢ MHTEerpajamMu U nuddepeHnraIbHpIMu ypaBHeHUsAIMU. Kypc
HOCHUT TIPAKTHYECKUH XapakTep,IpUMEHEHHE HWHTErpajioB MU JudQepeHIraIoB HaNpaBiIeHO Ha
KOHKpETHBIE 3aJaud(BbIUYMCICHUE IUIOIIA/M, IPOrpaMMHPOBAHUE) C LEJNbI0 HUX JaJbHEHIIEro
UCIOJIb30BAHUS.

ANNOTATION

The main objectives ofthe study subjectsare the acquisition of theoretical knowledge
and practical skills in working with integrals and differential equations. The course is practical, the use
of integrals and differentials focused on specific tasks (calculation ofthe area, programming) for their
further use.
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Jlekuussi 1 HeonpeneneHHbI HHTerpaJ, TadIMIa MHTETPAJIOB.

OyHKIUA F(X) Ha3bIBAeTCs MEePBOOOPA3HOM I (PYHKIMH f(x), eciu

F'(x)= f(x).
Teopembl 0 1EPBOOOPA3HBIX.

Teopema. Ecim F(x) - nepooGpasnas ans dynkumn f(x), To F(x)+C (C-
KOHCTaHTa) - TOKe mepBooOpasHast it Gpynkuuu f (x)

Jlokasaremscreo. (F(x)+C) = (F(x)) +C" = f(x).

Teopema. ITycts F(x),G(X) - aBe nepsoo6pasubix mis dynkmun f(X), Torma
OHH Pa3JIMUaroTCs Ha HekoTopyto korcTauTy ( F(x)—G(x)= C - koucranTa).

Paccmorpum  pymxmmio  V(x)=F(x)-G(x), oma  menpepeiBHa m
muddepeHnupyemMa Ha BCEH YUCIOBOM OCH, KaK U (PYHKIIMH F(X),G(X). Torma s
MOGBIX KOHEUHBIX 3HAaYeHHit X, X, (X, > X,) 10 (opMye KOHEYHBIX TpHpAIIEHHit

Jlarpanxa

V(xz)—V(xl)ZV'(c)(xz _xl) ( ( )_G’( )X _xl) ( (C)—f(c))(x2 _xl):()-
Crnenosarensro, V(x)=C, F(x)-G(x)=C
HeonpeneneHHbIM MHTErpajioMm j dX (unrerpan ot ¢ynkmum f(x) mo

dx) Ha3bIBaeTCS COBOKYITHOCTh BCEX MEPBOOOPa3HbIX GpyHKIUH i GhyHKImn f (X)

_[ f(x)dx = F(x)+C.

OyHKIUA f(x), cTosiias  MMOJ  3HAKOM  MHTerpaja, Ha3blBaeTcs
MOAMHTErpaibHOM  (yHKIMEH, a BbIpakeHUE f(x)dx - MOJUHTErpaIbHBIM
BBIPAKEHUEM..

CaoiicTBa HeonpeaeJeHHOr0 HHTerpaJa.

CBoiiCTBa HEONPENEICHHOTO HHTErpajla MOXHO YCIOBHO pa3CiiUTh Ha JBE
rpynnel. B mepByro Tpynmy coOpaHbl CBOWCTBA, BBITCKAIONIME U3 TOTO, YTO
uHmezpupoganue — onepayus, oopamuas oughgepenyuposanuro. Bo BTopyto rpynmy
coOpaHbl ceoticmea JuHerHocmu. ITA CBOWCTBA BBITEKAIOT U3 TOrO, 4YTO
MHTETPUPOBaHKE, KaK U AuddepeHIIMpOBaHNE — JIMHEHHAS OMepalusi U ONPEACIIIOT
JTUHEIHYIO OTIepaIuIo.

Hepsa}z 2pYnna ceoucma.

1) fj x)dx = f(x

2) I—fx)jx:f(x)+C
3) d(j X)dx )= f (x)dx
4) [df(x)=f(x)+C.

ﬂOKClOfceM nepeoe CBOUCMEBO.



Tk [ (o= F(x)+C, mo %[ (ko= & (F(x) )= dF(X) _ ¢ ()

3neck F(x)- nepsooGpasnas ams f(x).
Hoxadsicem emopoe ceolicmeo.

OGomasn g(x)=d];§(X)= £ @(0= [ g Torma  £()=g(x), a

(D’(X)= g(x) no mnepsomy csoicTBy. IlosTomy GyHKIUM (D(x), f(x) SABJISIOTCS
nepBooOpa3HbIMH s (PyHKIHMA g(x). CnenoBarenbHO, [0 TEOpeMaM O
TepBOOGPA3HEIX, OHM pa3IMuaioTcs Ha KoHctanty, T.e. @D(X)= f(X)+C mm

jjxf(x)dx= F(x)+C

d X Jdx
TpeTbe CBOICTBO ClieyeT U3 MePBOro: d(_[ dx) ded = f(x)dx.

YerBeproe CBOWCTBO CIIEAyeT W3 BTOPOrO, €CIM BCIOMHHUTH, YTO C
muddepeHnranoM MepBOro MOpsAJKa MOXKHO OO0paimiatbesi Kak ¢ anreOpanyecKum
BBIpa)KEHUEM (CBOMCTBO MHBAPUAHTHOCTH (POPMBI 3alCH NIEpBOTO Auddepeniuana).

[TosTOMy Hazo AOKa3aTh IBa MEPBBIX CBOKCTBA.

Bmopas epynna ceoticms.

1) CBOWCTBO CyNepIO3UIUH I (f,(x)+ f,(x))dx = j dx+j

2) CBOWCTBO OJHOPOJHOCTH J. Af (x)dx = ij (x)dx.

JlokazaTenbcTBa TOrO M JAPYroro CBOMCTB MPOBOJISTCS — AHAJIOTMYHO.
Hudbdepenuupyem (1o CBOWCTBaM TIEPBOM TPYIIbBI) JIEBYIO W TIPABYI YacTh
PaBEHCTBA, IPUXOJUM K TOXKAECTBY. 3aTEM U3 TEOPEM O MEPBOOOPA3HBIX 3aKITIOUAEM,
YTO JieBas U MpaBas 4yacTh PaBEHCTBA, Kak EPBOOOPA3HbIE OJTHOM U TOM ke QYHKIINH,
pa3nnyaloTcsd Ha KOHCTAHTY. JTa KOHCTaHTa MOXET ObITh (DOpMajabHO BKIIIOYEHA B
HEOMPEIEICHHBI UHTErPAJI B JIEBOW WJIM MPABOW YaCTH PAaBEHCTBA.

Jlyis TorO, 4TOOBl BHIYMCIUTH UHTETpall OT (YHKIIMH, MPOILE BCETO «yraaaTb»
nepBooOpa3Hyro i 3ToN QYyHKIUHU 1O TaOnuIle JUIsl IPOU3BOIHBIX, IIEPENUcaB 3Ty
TabyuIly B 00paTHOM MOpPSAKE. 3anuIleM uUHmezpaisl OJisk OCHOBHLIX dJIeMEeHMAPHbIX

@yHKyuil.
X,u+1
1) J.x"dx—7+C TR
H+1

X _nyx|=C, j( )dx—
X

JIydaie 3aliIOMHUTB, OHU OYCHb YaCTO BCTPECYAKOTCH.

o =/x+C. Dm (hopMybl
X

2) Iaxdx: a—+C, e*dx=e* +C.
Ina

3) Icosxdx sinx+C, j3|nxdx_—cosx+cj :tgx+C,j .d>2<
cos’ X sin

=—Ctgx + C.

4) Ichxdx:shx+C,Ishxdx:chx+C,Is)z(=thx+C,j;I)2(:—cthx+C.
chx sh®x

CrnpaBeUIMBOCTh 3THX (OPMYI JIETKO MPOBEPHUTH, AU epeHuupys mnpaByro
9YacTh COOTHOILIEHUS U TIOTy4asi HOJUHTETPAIbHYIO (PYHKIIHIO.



Jlekuus 2. MeToabl HHTCIrPUPOBaAHUSA U Taﬁ.]mua HHTErpaJjioB.

Mertona nmoaBeaeHus mox Lm(])(])epenuna.n
[IycTe wW3BecTeH HHTErpai J. dX F(X)+ C( F(X)- nepBooOpasHas s

dymxumm f(x)). Torma [ f(p(x)l'(x)dx = [ f(p(x)}de(x) = F(p(x))+C.

[maBHOE 37ech — «Iorajzathesy, Kak f(X)dX mpencraBuTe B BHE
Fp())de(x).

JlokazarenbCcTBO.

dF (p(x)) _ djdﬁ: f(p(x))p'(x) mo Teopeme o croxHOl

dx de dx
¢bynkuuu. CregoBarenbHo,  (QyHKIUS F((p(x)) u J.f((p(x))go'(x)dx SIBIISTIOTCSI

nepBOOOPA3HBIMH JUTST (PYHKITHH f((p(x))(p’(x) U, TI0 T€OpeMaM O TIEPBOOOPA3HBIX,
pa3IMYaloTCs Ha KOHCTAHTY.

10T METO/T MPUMEHSETCS 4acTo. Hanpuwmep,
1

Icos(ln x))l(dx = Icos(ln x)d(In x) =sin(In x)+ C, J'ex;:dx = —Id(eij = —ei +C.

Merto 3aMeHbI IepeMeHHO.

DT0 — YHUBEpPCATbHBIH METOJ, METOJ TMoJBeAeHUs 1o auddepeHan
SIBJISIETCS] YACTHBIM CITy4aeM METO/Ia 3aMEHBI IEPEeMEHHOM.

Teopema. Ilycte ¢yHKIHSI X = u(t) HernpepbplBHO AuddepeHnmpyemMa B
HEKOTOPOU 00IaCTH ¥ UMEET HenpemeHo muddepeHnrpyemMyro o0paTHYIO (HYHKITHIO
t =u™(x). Torna J. X)dx = J. (t)dt, roe t =u*(x).

Jloka3arenbCTBO. IlncbcbepeHquyﬂ o0e dYacTH, WUCIOJNB3YSI TEOPEMBI O

MIPOU3BOIHOM CJOKHOW (YHKIIMM W WHBApPUAHTHOCTH (DOPMBI 3allMCH MEPBOTO
muddepennrana, ToJIyIuM TOXIASCTBO U PEPEHITNAIOB.

f(x)dx = f(x)d(u(t))= f(ut)u'(t)dt, rme t=u?(x). H3 mero cuenyer
PaBEHCTBO MHTErPaJIoB B JICBOII U IIPaBOil 4acTsX.

3ameTuM, 4TO TpeOOBaHUS K OOpaTHOW (YHKIMHM HYXHBI, 4TOOBl CyMeTh
BO3BPAaTUTHCSI 0OPATHO, OT NIEPEMEHHOM t K IepeMEHHOM X .

[[J'Iﬂ BbIYMUCIICHUS HHTCIpAJIOB BHUA IU(X)dV(X), €CJIIM BMCCTO HCETO y,Z[O6HO

BBIYUCIIATH HHTCrpall JV(X)dU(X), IMOJIB3YIOTCA METOAOM MHTErpupoBaHUsA I10

yacTaM.

Ju(e(x) = ue)- [,

€CIIM MHTETpaJibl B 00EMX YacTSIX COOTHOLIEHHS CYIIECTBYIOT.
JlokaxkeM crpaBeUIMBOCTb 3ToW (opmynsl. uddepeniupys npousBeaeHue

dysrumit, momyanum d(U(xV(x)) = v(x)du(x)+u(x)dv(x), mm



u(x)dv(x) = d u(xv(x)) - v(x)du(x).
WuTerpansl J1€BOM 1 paBoii YacTel cymiecTBYOT( J. d (u(x)v(x)) = u(x)v(x)+ C).

WHTerpupys, N0ay4uM HY)KHOE COOTHOLLEHUE.

[Ipumepsl.
J.Inxdx=xlnx—jxd INnXxX=xInx—x+C

2
lenxdx:jlnxd(xzj X’ InX—J'—dl x—;x Inx—éllx +C.

u=Inx dv = xdx

2
du=-dv v="o

X 2
jxcosxdx:jxd sinx = xsinx—_[sin Xdx = xsinXx+cosx+C

BbrumciauM uHTETpasIbl jex cos xdx , I e*sinxdx.
_[ex sin xdx = —e* cos x + jex cos Xdx , jex cos xdx = e* sin x —jex sin xdx
(u =e" dv =sin xdxj (u =e" dv = cos xde

du =e*dx v=-cosx du=e*dx v=sinx

Teneps, NoACTaBISAA BTOPOU HHTETPAI B IIEPBBIN, MOJTy4UM

Iex sin xdx = ;ex(sin X —COS X).

AHAJIOTUYHO, IOACTABIISAS IEPBBII UHTErpal BO BTOPOil, MOJIyYUM
Iex cos xdx = ;ex(sin X+ COS X).

[Tononuum Tabnuily MHTETpalioB, MPUMEHSS METOJAbl MHTETPUPOBaHUS (B IMEPBOM
JIEKI[MHU TIOJTy4YEeHbl YEThIpEe HHTErpaa).

5'I dx _1J' dx 1 d(aj

1 X
s = = =—arctg —+C
X“+a® a a

X— a
X+a

+C

dx 1 1 1 1
6. = || ——-——ldx=—-(In|x-a|-In|x+a])+C —I
sz—az 2a (x—a x+aj 2a( | |=In| ) 2a

= :arcsin§+C
BT (I
1-| 2
\ a

dx \x +a dt dt
8. | — = “=In|t|+C=In|x++/x*+a|+C
j\/x2+a I Jx?+a (x+\/x +a) It It X+ |

3jech chenaHa 3aMeHa TepeMEHHOHW, TMOJCTaHOBKa /X’ +a=t—X- onHa U3
MIOICTAaHOBOK Jiliiepa,




2x dx

2-/x? +a

dt.

=dt—dx,dx[

2
X +1j=dt,dx:\/x+a
X% +a X+4/X% +a

2 2

2
9. j.\/a2 —x%dx = J'a2 cos’t dt = azj'(l+ cos 2t )dt = a2t+ a;rsin 2t+C =

(x=asint, dx =acostdt)

. X a ) a ) a X
—arcsin —+—2sintcost+C =—arcsin —+—_|1—| —

1 a’ X
Ex JJa? = x? +7arcsm 2 +C.
a

dx = x-/x2 + A J.X A= A =

2
/X +Adx= xx*+A- X
J.\ : J.\/X2+ \/X + A

u=-/x*+A dv = dx

du:Xdix V=X

X +A—I\/x2 +4 dx+j

A
——dx
Vx®+ A4
[IepeHocst NCKOMBIN MHTETrpajl U3 IPAaBOM YACTH B JIEBYIO YacTh, OJY4YUM

I\/xz + A4 dx=%x\/x2+A +§ln|x+\/x2 +A4|+C

10. [ dx _, 1 j g J:—r x)_ J_r;InazJ_rx2+C

a? +x?
11. Itgxd _jSInX :—jdcosxz—ln\cosx\JrC
cosx Cos X
'[ctgxdx '[ =Insinx +C

sin X

l+t> _ B
12. jsmx Imdt_lnt+c—ln

X
tg —|+C
g2

o
1+t%’

t=1tg 5, sin X = 2sin 5cosiz
2 2 2

s X X 1
COS X = COS E—sm —

2 1+t2

X = 2arctgt, dx= det

1+t
X
tg] * 47
g(z 4)

OTHU COOTHOILICHUS MNpeaACTaBJIAOT coboit Ta6n1/1uy OCHOBHBIX MHTCI'PAJIOB.

+ C - BBIBECTH CaMOCTOSTEIIBHO.




HNuTerpupoBanne BbIpazkeHMil, COIePKAIMX KBAAPATHBINA TPexXuJieH.

KBanmpaTHblli TpexwieH ax® +bx+c , BBLIENSASA TOJHBIA KBaApaT, MOXKHO
MPUBECTU K BULLY

2 2
ax® +bx+c= aﬂx+2bj —b%;lac}:a(y2 J_r,BZ),

b _\‘b2—4ac‘
rae y—x+£, ,B_W.

3Hak «+t» BwIOMpaeTcs, ecnmu D = b? —4ac <0, 3HaK «-» BBIOMpAETCs, €Clu
D>0.Ecm D=0, f=0.

dx 1 dy
1. =_ .
J‘ax2+bx+c J‘yziﬂz
Ecimu D >0, 10 EJ. Zdy ;= ! In y- ﬁ‘
—ﬁ 228 \y+p
Ecoim D <0, 10 —.[ iarctg X+C
y’ +ﬁ ap B
Ecmu D=0, 10 —jd—g=—i+C
a’y ay

dx d
2. .[ 2 - .f 2y 2\’
sJax® +bx+c \/aiy +f )
Ecmmn a<0,D <0, To moa KOpHEM CTOUT OTPUIIATEIHLHOE YHCIIO, MHTETpal B
GYHKIUAX JEHCTBUTEIBLHOMN nepeMeHHoﬁ BBI‘H/ICJ'II/ITI) HE yaacTcsl.

Ecnna>0,D<O,ToI W flnerVy + 2

2l+C.

f\gyz_—z): anyelyos

+C.

Ecmm a>0, D>0, 10

dy
Ecin a>0,D =0, 10 Inly+C.
Iﬁy \F i
Ecmm a<0,D>0 TOJ. = ! I dy = ! arcsinl+C.
\aiyZ_ﬂZi \_a \IBZ_yZ \_a

N I l;/|x+N dx=M_[ 3ax+b dx+(N—Mbj.|. 2dx _
ax- +bx+c 2a7 ax“ +bx+c 2a )Y ax° +bhx+c

Mlnax2+bx+c+[N—Mbj.[ dx

2 Jax?+bx+c’
NuTerpai I di BBIYMCIICH B 1. 1.
ax’> +bx+c
4 J' Mx+ N dx — .[ 2ax+b (N Mb)J' dx _
\Jax® +bx+c 287 . Jax? +bx+c 2 ) Jax® +bx+c



M 2 Mb
—/ax® +bx+c +(N —)
a JJax® +bx+c

X
WuTerpan I ————— BBIYUCIIEH B I1.2.

JJax? +bx+c¢

3ametuM, yTo uUHTErpaysibl 5 —10 TaOAMIBI MHTETPAJIOB TaKXKe COIEpPKAT
IIPUBEJICHHBIN KBAIPATHBIN TPEXUJICH.

[Ipumepsl.
,[ dx dx 12X+ o
x?+4x+3 J(x+2f-1 2 |x+3
dx dx
Ix2+4x+5 j x+2)2+1 arctg(x +2)+

dx 1
J‘x +4x+4_I (x+2) B X+2+C
I\mzj/mzlnx+2+\/x2+4x+3+c
_ X+2
I\m J'\/m arcsin =~ < +C

J-3x +4X+1odx:j3X +12x+15 _J- 8X+5

x2 +4x+5 x2+4x+5 NG +4X+5
3x _4J‘ 2x+4 11j —3x—4|n‘x2+4x+5‘+11arctg(x+2)+C
x? +4x+5
J’dez_zj’—dx—ﬂd—)(:

—4./5—4x—x* —9arcsin XJ?:2+C.

Jlekuus 3. UHTerpupoBanmne pauoHAIbHBIX (PYHKIIMIA.

Payuonanvnas ¢yukyus — >3mo omHoweHue O08YX yenvix QYHKyu —
MHO2OUNEHO8 (NOTUHOMOS).
Ecimu mopspok TOTMHOMAa — YHCIHMTENsl HIDKE TOpSIKa TOJMHOMA —

3HAMEHAaTeJs, TO TaKas paloHaIbHas GYHKIUS HAa3bIBACTCS PAYUOHANLHOU OPOObLIO.

Jlemma 1. Eciu payuonanvuas @yHKyus He A618emcsi payuoHaIbHOU 0podvio,
Mo ee MOJNCHO NPpUBECmuU K cymme Yeaol Yacmu — HOTUHOMA U PAYUOHATNbHOU OpoOU.

Jloka3arenbCTBO OCHOBAHO Ha IIPAaBWIE JCIICHUS MHOTOYIEHOB C OCTATKOM,
Halpumep, Ha aIrOPUTME JIEJICHUS] MHOTOWICHOB «yTOJIKOMY.



4 2
X"+ x°+1
S — x4+x2+ﬂx2+1

x® +1
[Mpumep. x* +x? | x°
1
X*+x°+1 1
Orcrona cinenyer, 410 ————— = X"+ ———.
X“+1 X +1

[losToMy  WHTErpHpOBaHWE  palMOHAIBHOW  (QYHKIMH  CBOAMTCA K
WHTETPUPOBAHUIO MHOTOWICHA M HHTETPHUPOBAHUIO PATMOHAIBHOM Jpoou.

HHTerpan oT MHOro4jieHa paBeH 10 CBOMCTBAM JIMHEMHOCTH MHTETpaJla CyMMeE
MIPOU3BEACHUN UHTErPajioB OT CTENEHHBIX (QYHKIUN HA MOCTOSIHHBIE KO3 (DUIIMEHTHI.
WuTerpan oT creneHHoM (pyHKIUY JIETKO BBIYUCIUTD MO TAOJINIIE HHTETPAJIOB.

P(x)

Paszno:xenue paHHOHaJIbHOﬁ I[pOﬁI/I —— Ha 3JIEMCHTapHbIC.

Q(x)

[TonmuHaOM Q(X)— 3HaMEHATeldb pPAlMOHAIBHONH JpoOM MOXKET HUMETh
JNEUCTBUTEILHBIN KOPEHB Q HEKOTOPOU k - on KPaTHOCTH. Tornma
Q(x) = (x —)“Q,(x), rme muorounen Q,(X) yxe He umeer kopHs «. B aToM cyuae
U3 PAalMOHAIBHON APOOM MOXKHO BBIJEIHTH JJIEMEHTapHYIO PAIMOHAIBHYIO APOOb

A
(x—a)

Jlemma 2. Ilyctb « - neiicTBHTENBHBIN KOpeHb K - Off KpaTHOCTH TOJMHOMA
Q(X)— 3HaAMEHaTeNs pallMOHAILHOM apodu. Torma

A Rk
Q) (x-a)  (x-a)?Qx)

BHUJa

, Tie MHOTOWIeH Q,(X) yke He MMeeT KOpHS « .

JHlokazarenbctBo. [lpuBegem npobu K 0OmeEMy 3HaMEHATEo Q(X) U
MIPUPABHSAECM YUCITUTEIH MTOJTYICHHBIX APOOEH.

P(x)=Q,(X)A +P(xx—a). Torma swipaxenme P(x)—Q,(X)A  momkHo
nemutbes Ha (X—a), T.e. P(ar)—Q,(a)A =0. DToro moxkHO HOGUTHCH, BEIGPAB

o Pl)
1
Q(@)
CaencrBue 1. B ycrnoBuAx JieMMbl 2 palMOHAIBHYIO JpOOb MOXKHO
MPEACTaBUTh B BUJIC

P(x) A A A P(x)
= + +..+ +
QM) (x-a) (x-af " (x-a) Qi)
JHoxkazatenbctBo. [lpumennm nemmy 2 K pa3 W TOIyduM yKazaHHOE
pa3J'IO)KeHI/Ie.

,TIe Q(X) HE UMeeT KOPHS « .

[Tonmnaom Q(X)— 3HaMEeHaTeJdb pPAlMOHAIBHOM JApOoOM MOXET HMMeTh Hapy
KOMIUIEKCHO ~ COMpPSDKCHHbIX  KopHeit  f=*iy k- o#t  kparHoctu. Torma



Qx)=(x? + px+a) Q(x)=(x— (B +iy)x— (B -i7)) Qx)=(x* 2+ p7 + 7?) Q,(x)=
(=B +7°) Q. (x)

[Mpuuem L +iy yxke He SBISIOTCS KOPHSMH IOJMHOMA Ql(x). B stoMm ciywae wu3
paloOHaIbHOW JApOOM TOXKE MOXKHO BBIIEIUTH HEKOTOPYIO  AJIEMEHTapHYIO

Mx+ N
paIoHaIBHYIO Ip0o0h BUIA (

(x=BF +77)
P(x)

Jlemma 3. Ilycts Q(X)— 3HaAMEHaTeNb PaIMOHAIBHON Ipo0u m HUMEET Mmapy
X

KOMILJICKCHO COMPSDKCHHBIX KOopHeW [ +iy K- oif kpatHocTH. Torna paruoHalibHYO

)IpO6B MOXKHO HpC}lCTaBI/ITB B BUJIC
P(x) _ Mx+ N Pl(x)

Q) (x=pfrf (x=pPer) Q)
ABIIAFOTCA KOpH?[MI/I IIOJIMHOMA Ql (X)

Hoxa3zatenbctBo. [IpuBeaem apobu k oOlieMy 3HAMEHATENI0 U MpUpaBHSAEM
YUCJIUTEIN TTOTYICHHBIX IPOOCH.

P00 QBN 47°) o)) s
nemuthes Kak Ha (X — (B +iy)), Tak mHa (X — (B —iy)). [osromy
P(e)—(Ma+N)Q,(e)=0
P()-(Ma +N)Q,(x)=0,rne a=p+iy, a=p—iy
OTcrona UMeeM CUCTEMy YpaBHEHHIT [uist onpeneneHus koncrant M, N

rne [tiy yke He

L P@)
Mo N—Ql((ag
- _ Pl
Ma+N—Ql(ar).

Omnpenenurens 3TON cUCTeMbI paBeH & —a # 0, Tak Kak KOPHU KOMILJIEKCHBIE U
f # 0. [losToMy cucTeMa UMeeT eIMHCTBEHHOE PEIICHHE.

CaeacrBue 2. B ycioBusx JneMMmbl 2 paldoOHaIbHYH JApOoOb MOIKHO
MIPEJICTaBUTh B BUJIE

POX)_ Mx+N  Mx+Ng o Mpx+N, Blx)

Q) (x2+px+q)  (x*+px+q)” X +px+q) @(x)’

rae [ *iy yxe He ABJIAIOTCS KOPHAMH MOJHMHOMA @(X)

[[OKaSaTeJ'ILCTBO. HpI/IMeHHCM JICMMY 3 HY)XHOC 4YHCJIO pPa3 MU I1oJydacM
HCKOMOC pa3JIOKCHHUC.

Teopema. PanonanbHas QyHKIHS MOKET ObITh IpE/ICTaBI€HA B BUJIE
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P(x) B A Acs A
=M(X)+ —+...+ + +.ot

Q(x) ) (x—b) (x—a) (x-—a) (x—a)

- M, X+ N, N M, X+N,, M, x+ N, - Lx+D
(x2+ px+q) (2 +px+q)” (* + px+q) X* + X+

rae b- mpocToit AeWCTBUTENBHBIH KOPEHB Q(X), a- JCUCTBUTEIBHBI KOPEHb
Q(X)KpaTHOCTI/I K, o, - mapa KOMIUIEKCHO COTIPSIKEHHBIX KOPHEH KpaTHOCTH K
Q(X) (KOMILIEKCHO ~CONPSKEHHBIE KOPHHM X° + PX+(), Vv,V - TpocTas mapa

KOMILJIEKCHO COMPSI>KEHHBIX KOPHEN Q(X) (kopuHu X* + p,X+0,).

Hoka3zatenbctBo. [IpuMeHsieM K panMoHaidbHOW (QYHKIUU JieMMYy 1, BblIensem
MOJIMHOM — LieNyto yacte M (X), 3aTeM 10 JIEeMMe 2, BbIETISIEM WIEHBI pa3JIokKEeHUs,
COOTBETCTBYIOIIME MPOCTHIM U KPATHBIM JIEHCTBUTEIBHBIM KOPHSIM. 3aTe€M 110 JIEeMMe
3 BbLAENSEM UIEHBl Pa3IOKEHUs, COOTBETCTBYIOIIME MPOCTHIM M KpPaTHBIM Mapam
KOMIIJIEKCHO COTPSKEHHBIX KOpHEH. Tak Kak MHOTO4JIEH MOKET UMETh KOPHU JIUILIb
MIEPEYUCIICHHBIX TUIIOB, TO Pa3JIO’KEHUE 3TUM U UCUEPIIBIBAETCSI.

CaencrBue 3. 3ajaya MHTErpUPOBAHMS PAIlMOHATBHOW (DYHKIIMM CBOJTUTCS K
3a/layaM MUHTETPUPOBAHUS JIEMEHTAPHBIX PallMOHAIBHBIX Ipo0Oei YeThIpEeX TUIIOB
1) B A Lx+D Mx+ N

2

) k 1 1 .
x=8 7 (x-a) X2+ px+q, (X + px+Qq)F

Cnoco0bl BbluMcaeHUss KOI(PGUIIMEHTOB NPH Pa3JI0KeHUH PALMOHAIbHOMN
JApo0H Ha dJIeMEeHTapHbIe.

3x° +x* +7x° +2x7 +2x+1 4 B Mx+N Px+Q _
(x2_1Xx2+1)2 Cx-1 x4+l x*+1 (x2+1)2_
A(x+1)(x2 +1)2 +B(x—1)(x2 +1)2 +(Mx+N)(x2 +1Xx2 —1)+(Px +Q)(x2 —1)

(x2 — Isz + 1)2

Tenepb Ha0 MPUPABHUBATH MHOTOWICHBI B YUCIUTEISX IPOOCH M ONpENesTh
HeusBecTHbIE KodhdunmeHTsl A, B, M, N, P, Q.

3TO MOKHO CEJATh ABYMS CIIOCOOAMH.

1 cnocob6 — npupasHusame KodI(pduyuenmol npu OOUHAKOBLIX CMENEHSX
nepemMeHHOU, COCMAsIAMb U Peuams CUCTNEM) YPAGHEHUIL.

X°| 3=A+B+M

X* 1=A-B+N

X3| 7=2A+2B+P

X2| 2=2A-2B+Q Pemenune cucremsr A=2, B=1, M=N=Q=0, P=1.

X |2=A+B-N-P

1|1=A-B-N-Q

[Tpumep.

2 cnocob — 3a0asamb 3HAYEHUS H€M3660mH0ﬁ, 6bl4UCANIb 3HAYEHUA
yycaumernel u COCmas/isimo cucmemy ypaeHeHuﬁ.

X=1 | 16=8A
X=-1| -8=-8B
X=0 |1=A-B-N-P

11



X=2 |181=75A-25B+30M+15N+6P+3Q
X=-2|-96=-25A-75B-30M+15N-6P+3Q
X=-3|-824=-200A —400B-240M —80N —24P+8Q

Pemas 3Ty cumcremy ypaBHEHHIA, TOJy4MM TO e pemenue A=2, B=1,
M=N=Q=0, P=1.

Kaxkoii cnoco6 npuMeHsTh — 3aBUCHUT OT TOT0, IIe ToJTydaeTcst 0ojiee mpocTas u
yoOHast JUTst peleH s CUCTeMa yPaBHEHUH.

B nanHom npumepe BTopasi CUCTEMA CII0XKHEE IEPBOM.

I/IHTerI/IpOBaHI/Ie JICMCHTAPHBLIX PalHOHAJBHBIX npoﬁel‘/i YE€ThIPpEX

THUIIOB.
1) j dx=BIn|x—,6’|+C,
1 1

2) dx = , k=1,

J’x a)  1-k (x-a)*

J» l;/|x+N dX:MJ- 3ax+b dx+(N—Mb)J. 2 dx _

X +bx+c 2a° ax“ +bx+c 2a )° ax” +bx+c

M ’ Mb dx .
—In‘ax +bX+C‘+ N——— .[27 (mpumep paccMOTpeH BO BTOPOi
2a 2 ) ax“+bx+c

neknuu). st Toro, 9ToOBl BBIYHCIUTH WHTErpal OT ApoOW B 1.3, MOCTaTOYHO B
COOTBETCTBYIOIIEM NMPUMEPE BTOPOU JIEKIIMU 0003HAYUTHh KOAIDPHUIIMEHTH APYTUMHU
OyKBaMH.

Mx + N M 2X+p ( pM] dx _
4) A= [P g N= -
'[ (X% + px+0q)* 2 J.(x2+px+q)k o (x2+px+q)k

M 1 M j dx
+N-——+J,,tHe J, =| — — .
20-k) (x*+px+q)" ( 2 )" ‘ J‘(xz + px+q)
Bbruucnum unTerpai J, .

dx _ dx _ d _
Rl R e A

X“ + pX+(q y+b)

1y? b2—y2I 1 dy 1 2y
bTI s yszI 2 = Iy(z z)kdyz

(v +b2)

12



1 1 1 1

1 1 y 1
— | e - Jo|=
bz( T20-8) (y2 4 p2 ) +2(1—k) "‘J

1 1 y
~ e, -
bz( 2(1—/6)] T (1-k)y? +0? )

[To »orToit pexyppeHTHON QOpMyse MOXKHO TIOCJIEI0BATEILHO BBIYUCIISTH
UHTErpanasl J, Ipu pa3muuHbIX K, mpenBapuTeIbHO BHIUYUCIIUB

b

Takum o0pa3oM, TMOKa3aHO, YTO BC€ YETHIPE THUIA AJIEMEHTapPHBIX
palnoHanIbHBIX JpoOeilt umHTerpupyeMbl. ClelnoBaTeNbHO, KJIACC PALMOHAJBHBIX
¢yHkumii npeacrasJisier co00i K1acc HHTerpupyeMbIX (PYHKUIMI.

[Ipu uHTErpHpPOBaHUH KOHKPETHBIX palliOHABHBIX (PYHKINN BBIACISAIOT LETYIO
9acTh M PpacKIabIBAIOT pPALMOHAIBHYIO Jpo0b Ha JJIEMEHTapHbIE. 3aTeM
MHTETPUPYIOT dJIEMEHTapHbIE palliOHaIbHbIE APOOH.

dy _1 y

[Tpumep.
2x*+3x-1 _ A . B C _(A+B)X* +(2B+C)x+(B-A-C)
(x+1*(x-1) x+1 x-1 (x+1) (x+1)*(x-1)

CocraBnsieM W pelraeM CHCTEMY YpPaBHEHHH OTHOCHTEIIFHO HEOIpPEIeTICHHBIX
k03 urmenToB (epBbIid cmocod onpeaeneHus Kod3PpPUIMeHToB)

A+B=2

2B+C =3 [Honmyuum A=B=C=1

B-A-C=-1
MO>HO BOCIIOJIB30BATHCSI K BTOPBIM CIIOCOOOM ormpeiesieHust K03()(UIIMEHTOB.
X=0|-1=B-A-C

X=1|4 = A+B+2B+C+B-A-C=4B

X=-1| -2 = A+B-2B-C+B-A-C= -2C. Orciona C=1, B=1, A=1.
Bropas cucrema npoiue, uem nepnasi.

Teneps uHTErpUpyeM CyMMY 3JIEMEHTAPHBIX IPOOEii.

2
J‘de =Injx+1+ In\x—l\—i
(x+1)*(x-1) X+1

Metox OcTporpajackoro.

Ecnm 3Hamenarennb paHHOHaHBHOﬁ )IpO6I/I COIACPIKUT IIapbl KOMILICKCHO
COIIPSKECHHBIX KOpHeﬁ OOJIBIION KpaTHOCTH, TO y,Z[O6HO MNPpUMCHATb MCETO
OCTpOFpaI[CKOFO. On COCTOHUT B CJICAYIOLICM: BBIYHCIIAIOT

@) (x) =HOJ (Q’(x), Q(x)), Q(x) =0, (X)Q2 (x) 3aTeM MHTErpajl NpeaCTaBIfoT B

BUIIE
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Pl) X | Y()

o™= om o

crenenn O, (x), a CTeneHb

dx, Tme cremenh X(x) Ha eIMHWIy MeHbIIe

Y (x) Ha €AMHULy MeEHblIe creneHn Q, (x)
KoadduumenTs! mommHomoB X (x), Y (x) onpenensrores npu auddepeHurpoBaHum
JICBOW U MPaBO YacTel U MpUpaBHUBAHUS KOAPPHUIIMEHTOB IPU PABHBIX CTEICHAX X.

Jlekuusa 4. HHTerpupoBaHHe HMPPAUMOHAILHBIX M TPUIOHOMETPHYECKHX
(pyHxuuii.

HNurerpuposanue
(pyHxuuii.

pPalOHAJbHBIX oT

bynxkumi TPUTOHOMETPHYECKHX

1. I R(sin X,COS x)dx , rie R() — pannonanbHas GyHKIHSA CBOMX apTyMEHTOB.

Takne HHTErpaibl BCErAa MOXKHO B3SITh YHUBEPCAJIbHOM TPUTOHOMETPHYECKOM
MOICTAHOBKOM (Jexkuus 1)

1 1 2t

1 1+t2 T 14t

t

tg 5, sin x = 2sin 5cosiz 2
2 2 2

\1+t—2
X ., X 1 1 1-t?
COSX =C0S° ——sin‘ = = >~ = R
2 2 1+t 1+1 1+t
2
2
X =2arctgt, dx=_——dt
1+t

2. IR(Sil’l X,C08 x Jdx .
A) Ecnu R(sin X, COS x) HEUYEeTHA 110 SiN X, TO JEeNaloT MOACTaHOBKY t = COS X.
b) Eciu R(sin X, COS x) HEUYETHA 110 COS X, TO JACNAIOT MOACTaHOBKY t = Sin X.

B) Ecimn R(sin X, COS x) HE MEHSIET 3HAaKa [PU M3MEHEHUH 3HaKa SiN X Wik COS X, TO
JIearoT MOACTaHOBKY t = tg X.

. t 1
t =1gx,siNX = ———, COSX = ———, X = arcigt, dx = 5
V' +1 V' +1 1+1
dx . .
[Ipumep. I ———— . 371ech Mbl uMeeM ciy4aii B). TlogcranoBkoit ¢ = fgx 10T
1+3cos” x

HUHTETpaJl CBOAUTCA K UHTCTpAITy

I dr :J. Zdl =larctg£+C=larctg gx +C.
(1+z2{1+ J £ +4 2 2 2 2
1

3
+¢*
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3. UnTerpabt _[sin mx cos nx dx, .[sin mx sin nx dx, jcos mx coS nx dx

CBOJATCS K TaOJMMYHBIM MHTErpajiaM OT CHHYCa M KOCHHYCa, €ClIM ImpeoOpa3oBarh
MPOU3BEICHNE TPUTOHOMETPHUUECKUX (YHKIUN B CyMMY TIO (hopMyiiam

SIn mx cos nx = % [sin(m + n)x +sin(m —n)x], sinmx sin nx = %[cos(m —n)x —cos(m +n)x],
COS X COS nX = %[cos(m —n)x+cos(m+n)x], sin®x= %(I —cos2x), cos’x= %(l +c0s 2x).

[Tpumep. Jsin 3x sinSx dx = %I(cos 2x — c0s 8x)dx = sin 2x — %sin 4x+C

4. WHTerpaisl BUIa I sin™ x cos” x dx

a) Ecinu m wiu N — HedeTHOE ITOI0KHATEIILHOE qucio, To Sin X 1k COS X BHOCAT
o iuddepeHIua.

. 1 1
[Ipumep. J‘sm3 x cos’ x dx = —I(l —cos’ x)cos2 xdcosx = —gcos3 X+ gcos5 x+C

b) Ecim m, N — 4eTHbIe MOJOXKUTEIbHBIC YHCIIA, TO TMPHUMEHSIOT (HOPMYIIBI

) 1+ cos2x . 5 1—cos2x
YIABOCHUS apTyMEHTa COS x:T, sin x:T.
1—cos4x 1 1 .
[Tpumep. Jsm X COS xdx——Jsm 2xdx——j—dx=—x——sm4x+C
8 32

C) J. tg" x dx, Ictg "X dx, rme M — 1enoe TMOJIOKUTEIbHOE YHCIIO, OepyTcs ¢

ucronbp30BaHneM GopMyn fg °x = sec’ x—1, ctg *x = cosec’ x—1.

[Tpumep. Ictg“x dx:J.(sintx—lex:J‘sml xd 2J‘

dx+x=

sin” x
1
- I(1+ctg2x)dctgx+2ctgx+x=—ctgx—§ctg3x+2ctgx+x+C

d) B o0mem ciydae MHTErpaibl BHIA J. sin” x cos” x dx BBIYHUCISAIOTCS IO

PEKYPPEHTHBIM dbopmynam C HCIIOJIb30BAHUEM OCHOBHOTO
TpHrOHOMeTqueCKoro TO)KI[CCTBa
dx sm X + cos? x cos xdx
[Tpumep. J. = I J. — =
sin’ x sin’ x smx sin” x
cos X
U =Cos X dv=———dx
sin” x
1 1
du=-sinxdx v=——
2 sin’ x
b COS X 1 x| cosx
= Injtg —|—— > ——I lntg—— —— |+ C.
2| 2sin” x smx 2| sin” x

HNuTerpupoBanne HppanMOHAJIbLHBIX (PYHKIHMH.
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Kakux-mnbo oOmux METOJO0B HWHTETPUPOBAHUS JUIsi BCEro  Kiacca
UppalMOHATBHBIX (YHKIWNA HEW3BECTHO, Ja M BPSA JIM TaKU€ METOJAbI MOKHO
PUIYMATh.

OOmast uaess COCTOMT B TOM, YTOOBI MPHUAYMATh PALMOHATH3HPYIOUIYIO
MIOJICTAaHOBKY, T. €. HAWTW Takyl  3aMEHy I[E€PEMEHHBIX, YTOObl B HOBBIX
IIEPEMEHHBIX HMHTErpan OblI Obl MHTETpaJioM OT pallMOHAIbHOW (pyHKUMU. A, Kak
[I0Ka3aHO Ha MPOLLION JIEKIUH, MHTErpaibl OT palMOHANbHbIX (DYHKIUI Bcernaa
MO>KHO B3SITb.

Huxe mnpuBomsTcss HEKOTOpblE MHTErpaibl, s KOTOPBIX H3BECTHBI
palOHAIN3UPYIOIIHE I10JCTAHOBKH.

m P
1. J.R xj(ax+b}n’(ax+qu dx, tne R( ) — pammonambHas QyHKIUS
cx+d cx+d

ax+b
apryMeHTOB. ParoHam3upyronias moJCTaHoBKa z" = ,TIe n= HOK(n, q).
ox +

TIpume J. 6J.Ldt - UHTErpajl OT PallMOHATBLHON (PYHKIIMH
puMmep. s \/xT 147 p p YH >

ecmu B3ATh ¢ ={/x+1,° =x+1.

X
I ”—) DTOT WHTErpajl MOXXHO TPEACTaBUTh B  BHUJE

\/ax2 +bx+c

S dx
_[ 1 = QH(X) ax’ +bx+c+ A _[—, a 3areM MCKaTh
\/ax2+bx+c Vax® +bx+c

ko3 durmenTsl mosmHOMa N-1 cTeneHu W KOHCTaHTy, nuddepeHnupys ode JacTw,
MPUBOJSA JApoOM K OOIeMy 3HAMEHATENI0 W TpUPaBHUBAs KOYPPHUIIMEHTH TpH
OJIMHAKOBBIX CTETICHSX MEPEMEHHOM.

x’dx [ dx
HpI/IMep Iﬁ=(Ax+B) x2 _x+l+ﬂjﬁ .

Judbdepenuupyem ode yactu

5 (Ax+B{x—2j 1
X

e = ANX —x+1+ A

xt—x+1 Vvxt—x+1 Vx?—x+1

[IpuBoauM K 001IEMY 3HAMEHATEIIO

2 _ A(x2 —x+ 1)+ (Ax + B{x - %j + A. IlpupaBHuBas Ko3()PHUIMEHTHI MPHU

1 3 1
OJIMHAKOBBIX CTENEHSX, IMojy4yaeM A= 5 B= rE A= Y Tenepp, BbIAETAA

MOJIHBIN KBaapar, 1nojrydyacm B npaBoﬁ YacCTH PA3JI0KCHUSA «IJTUHHBIN J'IOI‘apI/I(l)M»I

x*dx x 37— 1 1 >
I—m:(§+2j X =X+ —gln(x—aj'i‘ X —x+l

+C

16



dx

(x—a)'Vax® +bx+c

3. B unrerpanax Buaa j palMOHAIN3UPYIOIIAs I0JCTaHOBKA

1
z= .
X—a
dx 1 1
IIpumep. | ——=——. IIpuMeHsIeM IOACTAHOBKY ¢ = —, dx = ——-dt .
e | ™ S
I d_ _ —J. dt ——J. t'ds DTO MHTErpall, paCCMOTPEHHBIN BBIIIC B
X Ax? =1 e 1 VI-¢° ’
V2 -1
m.2.
4. Jlugpghepenyuanvuoiii 6unom. J.xm (a+bx")pdx, rae m =ﬂ, n= ﬂ, p= LI
m, n, P>

panuoHaNbHbIE YKcia. Takue MHTerpasibl OEpyTCs TOJIBKO B TpeX ciaydasx (yCIOoBHsI
I1.J.YeOnimieBa):

a) p — uenoe (MOJCTAHOBKOM ¢ = Ux,rae A= HOI((mz,n2 )),

m + 1 o n
6) —— = ¢ - nenoe (MOACTaHOBKOH ¢ =N a+bx" ),
n

o a
B) p+q- uenoe (MOACTAHOBKO! = 7|~ +b ).
X

[Tpumep. Iloka3aTh, 4TO B WHTErpaie j w/xia+bx \dx p+q- 1eiroe u paBHO 2.

/a
[Tokasarp, 4TO MOJCTAHOBKA ¢ = .|— + b - pallHOHATM3HPYIOIIAS.
X

5. WnTerpansl Buaa _[ R(x,\/ax2 +bx+cﬁx CBOJISITCSA K OJIHOMY M3 TPEX THUIIOB
HMHTETPAJIOB:
a) _[ R(Z, N e )dz, JUIS ~ KOTOPOTO  PAlMOHAJIM3UPYIOIIME  I10JICTAHOBKH

z=msint, z=mtht,

0) _[R(z, Nm* +z° )a’z , CTIOACTAaHOBKaMU z =m(gt, z =m sht,
B) IR(Z, Nzt —m? )dz, C IOJACTAaHOBKAMHU Z =
cost

VYrpaxHeHue. BeluncinTh HHTErpalibl _[ V4-z"dz, _[ V1+z%dz.

,z=mcht.

«He0epyumecsn» HHTErpaJibl.

DTO WHTErpayibl, KOTOpPbIE HE MOTYT OBITh BBIUYHCICHBI B 3JIEMEHTapHBIX
¢bynkiusax. s TakKMX WHTErPAJIOB MPUXOIMTCS BBOJUTH CIICHUAIBHBIC CHMBOJIBI.
Tak nmosy4aercst MOTOMY, 4TO KJIacC HHTErPAIOB OT AJIEMEHTAPHBIX (DYHKIIMH IIUpe,
9YeM KJIACC 3JIEMEHTapHBIX (DYHKIMN (MHTETPUPOBAHKE — ATO MEPEX0]] OT YaCTHOTO K
obmiemy — o0oOmienue, a nuddepeHIpoBaHHEe — 3TO TMEpexoj] OT OOIero K
YaCTHOMY — YTOUYHEHHE).
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[Tpumepsr. Lix:Ith—);, Eix:.[gdx, Im—xdx Cix:jcojxdx

MHOTHE JIpyrue HHTerpaibl. [lIsi HUX COCTaBIAIOTCS CIIELHMAJIbHBIE TaOJIMIIbI,
KOTOPBIE MOKHO HAWTH B PA3JIMYHBIX YI€OHUKAX M CIIPABOYHUKAX.

Jleknus S. OnpeaesieHHbI HHTErpaJ.

3agaya o NJIOIIAAM KPUBOJIMHEHHON Tpaneuuu.

PaccmoTpuM KpHBOJIMHEMHYIO Tpamnenuio, o0pa30BaHHYIO OTPE3KOM [a,b] ocu OX

(oCHOBaHHME TpAIEINH), IPSIMBIMHA X = d, X = b (Ha HUX JIexKaT OOKOBbIC

 CTOPOHBI Tpaneuuu) M rpadukoM OQyHKUMH y = f (x) Tak kak rpaduk
(yHKIMY — KpUBas JIMHUSL, TO TaKas Tparelusi Ha3bIBaeTCsl KPUBOJMHEHHOQH.

v

X

a S b

VYcerpouMm pasbueHue oTpeska [a,b] TOUKAMU = X,, X, Xy 5 X; 45 X; 50X, =D.
O6o3naunM Ax; =x; —x, ;. Ha xaxnom otpeske [xH,xi] OTMETUM TOYKY G, .
Boraucnum f (gi ) O06o03HauuM AS, - IIOIIAb YaCTH KPUBOJUHEHHON Tpaneuuu Haj

OTPEC3KOM [)Cl 12X ] S—- miomanab Bceit KpI/IBOJ'II/IHeI/IHOI/I Tparncunm. Torz[a

S Ay, <AS, ~ f(g,)Ax, < f(x, Zf X A, <S~ ng,Ax<Zf

Ilycte ¢ynkuus f (x) HENpephlBHA Ha KaXJOM OTpe3Ke [xH,xA]. [To BTOpOIi
Teopeme Beifepiurpacca BBINOJHSAETCS HEPABEHCTBO m; < f ( )<M rae m,, M-
HUKHSSL M BEPXHSISl TpaHy (PYHKIIUU Ha OTpe3Ke [xl X ] Torga

m;Ax; <AS, zf(gi)Axi <MAS,, imiAxi <Sz2f(gi)Axi <iMiAxi

i=1 i=1 i=l1

n n
Cymma Z f (gl.)Axl. Ha3bIBACTCA UHMESPANbHOU CYMMOU, CYMMBI § :ZmiAxi,

i=1 i=1

n
S = ZM ;Ax; Ha3bIBAIOTCS COOTBETCTBEHHO HIDKHEN U BepxHel cymmamu apOy.
i=1
bynem n3MenbuaTh pazOueHHe Tak, YTOObI maX|Ax,.| — 0. Ecnu cywecmeyem npedern

UHMESPAIIbHbIX CYMM  NpU  HEOSPAHUYEHHOM U3MENbYeHUU pa36ueHu;1, mo OH
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Hazvlgaemcs onpeoeieHHviM unmezpaiom (no Pumany) om ¢ynxkyuu f (x) no

n b
ompesky |a,b] : hm s z fle)Ax, = J. £(x)abx .
i=1 "

Ecimu  cymectByloT mpenensl HWKHEH u  BepxHed cymm JlapOy mpu
HEOTPaHUYEHHOM H3MEJIbYEHUM pa30MeHMs, TO OHM Ha3bIBAlOTCA HWXKHUM [, U

BepxuuM [ uHTerpanamu J{ap0y.

Kpurepuii cymecTBoBaHusI onpee/ieHHOro MHTerpaja. /lisg Toro, 4ToOsbl
b

CYIIIECTBOBAJI ONpEACNEeHHbI HuHTerpan no Pumany I f (x)dx, HEOOXOAUMO U
a
JOCTaTOYHO, YTOOBI CYIIECTBOBAIM W OBUIM PaBHBI HIDKHHUW M BEPXHHUN WHTETPAIIBI
Hap0y.
CaencrBue. FEciu onpeodenenHvlli unmezpanr cywecmeyem Kaxk npeoei
UHMESPATIbHBIX CYMM, MO OH He 3a8UCUM
- om sblOopa pazbuenus, UMD Obl

[a,b]: U [xi—l’xi]’ S([xjfl’xj]m [xi—lﬂxi]): 0.

om ebz6opa OMMEUEHHbIX MOUYEK G, Ha dlemMenmax pa36ueHuﬂ

- om cnocoba usmenvuenus pazouenus, b ovl maX|Ax[| —0.

[Toatomy (kpumeputi Pumana) 1jisi UHTETpUpyeMOCTH o PuMany orpaHn4eHHON Ha
oTpe3ke (PYHKIMU HEOOXOAMMO M JOCTATOYHO, YTOOBI CYIIECTBOBAJIO HEKOTOPOE

KOHKpETHOE pa30HneHue oTpeska, Ha KOTOPOM ‘S -5 ‘ < & pns moboro £ > 0.

Teopema. Eciiu QyHKIMS HempepbhiBHA Ha OTPE3Ke, TO OHA MHTErPHUpyeMa Ha 3TOM
OTpe3Ke.

Teopema. Eciin pyHKIIMS KyCOUHO HENMpEphIBHA HAa OTpe3Ke (MMEeT Ha HeM He Ooliee
KOHEYHOTO YHCJIa pa3pbIBOB MEPBOTO poOJia), TO OHA HHTETPHpyeMa Ha TOM OTPE3KE.

MpbI npunUIM K ONPENEeIEHHOMY MHTErpajay OT 3aJladyd O IUIOAAd KPUBOJIMHEHHON
Tpaneuuu. Eciu GyHKUMS NPUHUMAET HA OTPE3Ke HEOTPULATENIbHbIC 3HAUEHUS, TO
OnpeoenenHblll UHMe2Pal MOICHO UHMEPNPEMUpPo8ams Kaxk niowadb noo epapuxom
@yHrkyuu. B 3TOM COCTOUT reoMeTpUYeCKUIl CMBICJI ONIPee/IeHHOT0 HHTerpaJja.

K monsTHiO MHTerpajiia MOXXHO NPUATH U OT APYyrux 3anad. Hampumep, ot
3alaud 0 pabome nepeMeHHOU NO GeludUHe CUbl, He MeHAulell HanpaeieHus Ha
NpAMOAUHeUHOM nymu, OT 3aJaud O Mdacce oOmpe3Kd, WIOMHOCMb KOMOpO2o
MeHAemcs om MOYKU K mouKe, OmM 3a0a4yu O HNYMu mend, O8UNCYUe20cs
NPAMOTUHEUHO ¢ nepemMeHHOol ckopocmblo. DAaKTUYECKH, BCe 3TU 3a7auu (POPMaIbHO
CBOJSTCA K 3aJaue O IUIOLIAAN KPUBOJIMHEWHON Tpameuuu. B 3amaue o paboTe cuibl
10 OCH OPJIMHAT OTKJIAJAbIBAIOTCS 3HAUYEHUS CKATSIPHOTO MTPOU3BEACHUS BEKTOPA CUITBI
B JaHHOU Touke X oTpe3ka Ha opT ocu OX. B 3amade o macce oTpe3ka MO OCH
OpIVHAT OTKJIAJBIBAIOTCS 3HAUYECHUS MEPEeMEHHOM MIOTHOCTH. B 3amaue o myrw,
MPOWJCHHOM TEJOM, 1O OCH OpIMHAT OTKIAJbIBAETCS BEIHMYMHA CKOPOCTH Tela B
JTAaHHOM TOYKE.

K cxeme ompeneneHHOro HHTErpajia CBOJUTCS Jr00as 3a1ada BBIYHCICHUS
HEKOTOpPO BETHYMHBI, AJJIUTUBHO 3aBUCSIICH OT MHOXKECTBA, T.€. BEIUYMHBI |,

YJOBJIETBOPSIOIIEH COOTHOWIEHHIO [ (A UB): 1 (A)+ 1 (B), rae A, B — otpesku ocu

OX (B o01meM ciryyae onpeAesIeHHOro HHTerpajia no HEeKOTOpOMYy MHOKECTBY A, B —
HEKOTOpPbIE MHOXECTBA). B kauecTBe Takux BEIMYMH MOKHO BbIOpATh JJTUHY OTpe3Ka,
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JUINHY KpPUBOM, IJIOLIa/Jb IOBEPXHOCTH, OOBEM IPOCTPAHCTBEHHOIO TEJa, Maccy
yKa3aHHBIX MHOKECTB U T.[I.

CaBoiicTBa OINpeacJCHHOI0 HHTErpaJja.

1. CsoiicTBa IMHEHHOCTH

o) esneprosmunn [(£(x)+ (s ks = | £(+v-+ sk,
0) 0THOPOTHOCTH J. A f(x)dx =2 _[ £(x)abx

Boo01ie roBopsi, cBOMCTBaMH JTMHEHHOCTH 00J1aat0T BCE JIMHEHHBIE ONepaliu
(nuddepenpoBanre, MHTErPUPOBaHKUE, TPOEKTUPOBAHUE U T.]I.)
2. CBOWCTBO QJTATHBHOCTH (TI0 MHOKECTBY)

[ /o) = [ £kt | 1k

Jlokasatenbetso. ITycts ¢ €[a,b]. Bribepem pasbuenne Tak, 4To6B TOUKA C
Obula TpaHMLEH »3JeMeHTa pa3OueHus (c=Xx,,,). OTO BO3MOXXHO (CJIEICTBHE).

n k n
CocTaBUM HHTETpAbHYI0 CyMMY Z f (gl. )Axi = Z f (gi )Ax,. + Z f (gl. )Axi . bynmem
i=1

i=l i=k+1
M3MeNbYaTh pa3z0ueHue, COXpaHsAs TOYKY C TPaHMICH dJIeMeHTa pa30ueHus. ITo
BO3MOXHO (cnenctBue). Torma mpeaen mpu max|Ax,| — 0 1eBOM 4YacTH paBEHCTBA

b c
MHTETPAIIBHBIX CYMM PaBEH I f (x)dx, IIEPBOI0 CIAaraeMoro mpaBoM 4acTu I f (x)dx,
a a
b

BTOPOTO CJIAraéMoTo IMPaBoil 4acTu I f (x)dx.

c

b a
3. I f (x)dx =— I f (x)dx (cBOWCTBO «OPHEHTHPYEMOCTHY MHOKECTBA).
a b

CocraBiisisi HHTETpaJIbHYI0 CYMMY JJIsl MHTErpaia B MpaBOd 4acTU PaBEHCTBA,
3aMETHUM, YTO 3JEMEHT pa30MeHHs HAJ0 MPOXOAWTH B JPYroM HaIpaBlIEHUU, OT
KOHIIa OTpe3Ka K Hayaiy. [loaToMy /Ui 3TOro MHTErpana UHTerpajbHas cymma Oynier

Zn: f (gi )(—Axi) =- Zn: f (g,. )Axi. [lepexons k mpeaeny Mpu U3MENbUYCHUU pa3OueHus,

i=1 i=1

HOJTy4UM i £(x)dx = —T £(x)dx .

4. I f (x)dx = 0. D10 nocrynupyercs, HO, BOOOLIE FTOBOPS, 3TO U OYEBHIHO.
b
5. Ic dx=b-a.
b
chx =clim .o (Ax, + Ax, +...+Ax, ) = clim . (X, =Xy +X, =X, +X; — X, +..X, ) =

a

20



c(x, —x,)=clb-a).

6. Ecmu ma otpeske f(x)>0, 10 If(x)dx >0.

a

Tak kak [ (x) > (0 Ha oTpe3ke, To Vi f (gi)z 0,= Zn: f (g,. )Axl. > (. [lepexons k

i=1
b
npeaeny, moJydyum j f (x x>0.

b b

7. Ecma maotpeske f(x)> g(x), To I £(x)dx > I g(x)dx .

a a

Tax KaK f(x)= g(x) Ha OTpE3KE, TO
>

vi f<g,.)2g<g,.>,:»iz’1f<gi JAx,

jlf(x)dx > .lfg(x)dx .

a

g(gl. )Axi . Ilepexons x npezieny, noJy4um

b

J' f (x)dx

a

L) = )< 1) = e < ] (o < [l =

b

< “f(x]dx

a

8.

b

S“f(x)dx.

a

j £(x)ax

a

b b
9. j f (z)dz = I f (x)dx (mepeMeHHast HHTETPUPOBAHUS — «HEMasH» TIePeMEHHa,

a a
€€ MOYKHO MU3MEHUTb, OHA HE HECET B ce0e CaMOCTOSTENIbHOTO CMbICHA)
OnpeneneHHbIi  WHTETpan sBIsACTCA (QYHKIMEH CBOMX TMPEIENOB, IIPH
(UKCHPOBaHHBIX MpeAesaX MHTErpUpPOBaHUsS 3TO — yucio. OH omnpeneneH CBOMMHU
npenenamu. [103ToMy OH ¥ Ha3bIBAETCs ONPEIEICHHBIM.

TeopeMa 00 oueHKe ONpeeIeHHOT0 MHTEerpaJja.
[Iycts Ha oTpeske [a,b] m< f (x) <Mu byukuus f (x) WHTErpHpyeMa Ha
otpeske. Torna

b —a)< [ £(ekix < M(5—a)

Jloka3zatenbcTBo. HTErpupys 1o CBOMCTBY 7 HEpaBeHCTBO m < f (x) <M, c yuerom
CBOICTBa 5 mony4yaem TpedyemMoe yTBepkKACHUE.

TeopeMa 00 OLICHKEC IIOJIC3HA, KOI'Ja UHTETPAJl BBIYUCIUTD TPYAHO HIIN BOO6H_I6
HCBO3MO>XHO, HO HpI/I6J'II/I3I/ITCJ'IBHO OIICHUTH €TI0 HCO6XOI[I/IMO. 9TO 4acTo BCTPECHACTCA

B MH)KEHEPHOM MPaKTHKe.
2

2 . 1 e
ITpumep. _[e “dx. Taxoii wnrerpan «He Oeperca». Ho —<e™ <1 Ha
e
-2

OTpe3Ke [— 2, 2]. [losTOMy, y4yuTBIBas  YETHOCTb MOJUHTErpalbHON (QyHKIMH,
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4
e4

2
2
MOJTy4UM = 0,16 < J.e “dx <4. KoHeyHo, 310 — o4eHb Ipybasi olneHka, Ooiee
-2

TOYHYIO OLICHKY MOKHO OJYYUTD, MIPUMCHAA MCTOABI YUCJIICHHOT'O HHTCIPUPOBAHUA.

Teopema 0 cpeaHeM 3HA4YeHHH ONpeAeJIeHHOr0 HHTerpajia («reopemMa o
cpeaHeM»).
[lycte QynKmus f (x) HEIpEepbhIBHA HAa OTPE3KE [a,b]. Torma cymiecTByeT

[fae

¢ €[a,b], uto f(c):“bfa (v If(x)dx=f(c)(b—a)).

I'eomeTpuyecku, CMBICI 3TOrO COOTHOLICHHSI COCTOMT B TOM, 4YTO IUIOIIAMb
KPUBOJIMHEWHON Tpamnelnuy paBHa IUIOIAIN MPSMOYTOJIbHUKA C TEM K€ OCHOBAHHEM
Y BBICOTOU f(c)

Hoxka3zatenbctBo. ITo BTOpOii Teopeme BeiiepriTpacca ¢pyHKIMs, HENpepbIBHAS
Ha OTPe3Ke, [OCTUraeT Ha HEM CBoed BepxHeil M =supy,,) [ (x) U HIKHEN

b
m=infy, f(x) rpamm. Tlo Teopeme 06 omenke m(h—a)< If(x)dx <M(b-a),

OTKYyJa, Jeys Ha b —a, Tony4yuM

j). £(x)ax

mS"b—SM . Ilo Bropoit Teopeme bomsrano — Kommu dyHKINS,
-a

HEenpephIBHAs Ha OTpe3Ke, NPUHHMAeT Ha HEM BCE IPOMEXKYTOUHbIE 3HAUCHUS
Mexay M u M. B uacTHOCTH, CyliecTBYeT M Takas TOYKa ce[a,b], B KOTOpOi

i £(x)ax i £(x)ax

(GYHKIMS TPUHUMAET CBOE MIPOMEKYTOUHOE 3HAUCHUE ”b— ,T.e. f (c) = “b—
-a —a

Jlekuust 6. @opmyaa Herorona — JleiiOHuna.
HuTerpan ¢ nepeMeHHbIM BEPXHUM Ipe/iesioM.

OnpeneneHHbll  HUHTErpan MpeacTaBisieT co0oil  (QYHKIHMIO MpeAenoB
WHTETPUPOBAHUA. JTO SICHO Aa)K€ U3 TEOMETPUUYECKON MHTEpIpeTaI[ii HUHTErpaja Kak
IUIONIAAM KPUBOJMHEHHON Tparmenuu. V3MeHss mpenenbl WHTETPUPOBAHUS, MBI
M3MEHsIeM OCHOBAHUE TPaIleluy, U3MEHSSI TEM CaMbIM €€ TUIOIIA/Ib.

PaccmoTpuM mHTerpan kak (QyHKIUIO BEpXHEro Mnpejaena WHTETPUPOBAHUS —

X
HHTErpajl ¢ NEePeMEHHBIM BEPXHHMM IMpeaeioM J(x):.[ f (x)dx. [TepemenHas
a

MHTErPUPOBAHUS TI0 CBOMCTBY 9 OTpENeNIeHHOTO HHTETpaia — «HeMasi IepeMeHHas»,
€€ MOXKHO 3aMEHHTh Z Wi t min Kak- 1100 eme. HUKakoro OTHOIIEHHS K BEpXHEMY
npe/ey HHTETPUPOBAHUS OHA HE UMEET.

Teopema o MPoOM3BOAHON MHTErpaja Mo NepeMeHHOMY BEPXHEMY Mpeaery
(ocHOBHas TEOpEeMa MaTEMaTUIECKOTO aHaIN3a)
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[lycts pynKIus f (X)HerepLIBHa Ha OTpe3Ke [a,b], YCTh X € [a,b]. Torga

J'(x)= f(x).
JlokazarenbCcTBO.
x+Ax X X]. f(X)dX
J'(x)=tim,_,~ e+ Ax)—J () _ lim i j £(x)ax - j Fx)dx [=1lim, =
lim,, f(C)(XZxAX _X) =lim,, f(c) = f(x)

HpI/I J0Ka3aTCJIbCTBE MBI BOCIIOJIb30BAaJINUCh TeOpeMOﬁ 0 Cp CAHEM
x+Ax

I f (x)dx =f (c)((x + Ax)— X),c € (x, x+ Ax) U HENPEPHIBHOCTHIO GbyHKIIII
(lim oo f(e)= f(x)).
®opmyna Herorona — Jleiionunna.

[Iyctes ¢ynkmus f (x)HenpepHBHa Ha OTpE3Ke [a,b], F (x) - HEKOTopas

nepsooGpazuas gynxuun f(x). Torna j‘ f(x)dx = F(b)— F(a).

Jloka3zarensctBo. M3 TeopemMbl 0 NMPOW3BOAHOW MHTErpaja Mo IMEPEMEHHOMY
BEPXHEMY Ipeleny cienyer, 4yro J '(x): f (x), T.e. J (x) nepBooOpaszHas Julsl
byHkIMM  f (x) [To Teopemam o mepBOOOpa3HBIX JABE MEPBOOOPA3HBIX OTIUYAIOTCS
Ha KOHCTaHTy T.€. J(x)=F (x)+ C. Ho J(a):O (cBOMCTBO 4 ONpENEIEHHOTO
UHTETpana), 03TOMY F(a)+C=0=C=-F(a). Torma

J(0)= [ (e)e =F(b)+ € = F(b) F(a). Crenomarensivo, | £(x)ds = F(5) - F(a).

®opmyna Hetorona — JleilOHuma - 3TO OJHA U3 HEMHOTHX (GOPMYI - CBA3ZOK,
CBSI3BIBAIOIIMX pa3MuHble pa3fenbl MaTeMaTHKu BoenuHo. Ecmu Obl He ObLIO
¢dopmynel Hetorona — JleliOHuIla, TO HEOIpeneleHHbIE MHTErpajibl HE HAILIU Obl
MPWIOKEHUS, a OIpeleieHHbIe HHTErpajlibl Helb3sd ObLI0 Obl  BBIYHUCIUTH
aHanutudyecku. VMeHHo »93Ta ¢opmyna JenaeT MHTErPaJbHOE  HCUUCIICHUE
BOKHEHIIMM  WHCTPYMEHTOM  HccliefioBaHus  mporeccoB. Jlroboit  mpouecc
onuckiBaeTcs aupdepeHIanbHBIMI WM UHTETPATbHBIMU ypaBHEHUSIMU, a OHU
pelIaTcs B UHTErpaiax.

Msbl BCTpedanuch C TakuMH (OopMylnaMHU WM TEOpPEeMaMH — CBS3KaMHU.
Hanpumep, Teopema o cBs3u (QyHKIUH, ee mpezena U OECKOHEYHO MaJloil CBS3bIBAET
OeckoHeyHO Maible U mpenaeibl. Teopema depma U ee CIEACTBUS — TEOPEMBI O
CpPEeIHUX 3HAYEHUSX CBI3bIBAIOT AU(EepeHlnaIbHOe WCYUCICHUE W TEOPHUI0
dKCTpeMyMa. B nanbHelineM Mbl TOke OyeM BCTpeyaThCsl C TEOpeMaMi — CBA3KaMH,
OHHM BCETJa UTPAIOT PYHAAMEHTAIBHYIO POJIb, HAIPUMEpP TeopeMbl OCTPOrpascKoro —
lNaycca u CTokca B BEKTOPHOM aHaJM3E.

MeToabl BbIYHCICHHUSA OIIPEACJIECHHOI0 MHTErpaJia.
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Meroasl BBIYMCIIEHHS OCTAlOTCA TEMHU K€, YTO M METOJbl BBIYMCIICHUS
HEOIIPEACICHHOIO0 HWHTErpaja, HO pa3sHula eCTb. B HeolpenereHHOM HHTerpaie,
7enas 3aMEeHY IepEeMEHHOHM, HaJ0 3aTeM BO3BPAaTUTHCA K HCXOTHOW (YHKIMH, B
OIIPENEICHHOM HMHTErpajie 3TOro AeJIaTh HE HY)KHO, IIPU 3aMEHE MIEPECUUTHIBAIOTCS U
Ipesienbl UHTETPUPOBaHUs Ui HOBOW INepeMeHHOU. OmnpeneneHHbId UHTErpal Impu
IIOCTOSIHHBIX IPEJEIaxX UHTETPUPOBAHUS — YUCIIO U BCE PABHO, B KAKUX IIEPEMEHHBIX
cuuTarth 310 yucio. Ho TpeboBanne B3auMHON OJTHO3HAYHOCTH (DYHKIIMH — 3aMEHBI U
B OIIPEIEICHHOM HHTErpajle COXPaHAETCsA, IPOCTO OHO MACKUPYETCS YCIOBUAMHU
TEOPEMBI O 3aMEHBI IIEPEMEHHOM.

Memoo 3amenvl nepemeHHoU.

IIycTp

1) x= go( ) o't ( ) HETIPEPBIBHBI IIPH f € [a ﬂ]
2) 3HAYCHHS X = (o( ), te [a, ﬂ] HE BBIXOJAT 33 FPAHMIIBI [a,b],

3) gla)=a,9(B)=b,
Torna [ f(x)dx = £ (plt)'(e it

JlokazarenbCcTBO.
T Fole ekt =  1(oleple) = Flp()) - Flplec)= F(b)~ Fla)= | (2.
[pumep j.xe"2 dx = %j.e’dt = %(e4 - 1).

(t=x2,dt=2xdx)
Vmpaxnenue. Haiimure ommMOKM B TPUMEHEHHMH TEOPEMBI O 3aMEHE
MEPEMEHHOM.

f f 1 T T d(t ¢ dt
7r='[dx=jﬁdx J. J. gx =I—2=arctgt|g=0
Sin” x+Ccos” x l+te%x cos’x 1+te%x 1+¢
0 g 0 4 0

(¢ = tgx)

Memoo unmezpuposanus no yacmsam.
Iycrs Gymxumn u(x),u'(x),v(x),v'(x) nenpepreisust Ha [a,b]. Toraa

Tl (b =) -~ vl (e

HOK&S&TGJ’ILCTBO OCTaCTCA TCM KC, YTO I HCOIIPCACICHHOI'O HWHTCIrpalia,
TOJIBKO HHTCIPUPOBAHUE IIPOBOAUTCS B IIpeAciiax OT a A0 b.

HHaTrerpupoBanne 4YeTHbIX M HEYETHbIX (PYHKIMIA Ha OTpe3Ke,
CHMMETPUYHOM OTHOCHUTEJIBHO HA4Ya/1a KOOPAUHAT.

= [ rhts [ rohe= = o+ [ £k = J 7 xhaes J £ (e =

(t = —x, dx = —dt)
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b

.li-(f(_ x)+ fx)de= = ZIf(x)dx, /() wemnas , TaK KaK

0, £(x)— newemnas

I i A AL

HNuTerpupoBanue nepuoanyecknx GyHKIUH HA OTpPe3Ke JJIMHBI, KPATHOM
nepuony.

/Jlsa ceoticmea nepuooudeckux hyHKyui.

1) Ecm f (x) - nmepuoauueckas QyHKOUS ¢ mnepuogoM I, 1o f (ax)-

T
nepuoaudeckast yHKIHUsS ¢ IEPUOAOM — .
a

HoxaszarenscTBo. f (a(x + ZD = flox+T)= flox).
a

. X
[TosTomy nepuon sin2x paBeH 7, IEPUOL cosZ paBeH 87 U T.[.

2) Ecmu f ( ) - nepuoudeckasi QyHKIHUs ¢ IEPUOJOM T, TO

a+T

jf )dx = jf )dx
Z[OKa3aTenLCTBo
jfx)dx Ifx)dx+jf = x)dx+jf = = [f(x)ax

(y=x-T) (x=)
[TosTOMy MHTErpan OoT MEPHOIUYSCKON (PYHKIIMHM HA OTPE3Ke, JUTMHOW paBHOU

nepuoay, MOXHO BBIYUCIIATH Ha JIFO0OM TaKoOM OTPE3KE, pE3yiibTaT 6y,I[CT TEM XKE
CaMbIM.

2z 2z
3aMeTUM,  4TO Isinx dx =0, J.cos xdx=0. [TIlostomy, Hampumep,
0 0

2z T V4
j sinx dx =0, Isin4xdx=0, J.cos8xdx:0.
—4r 0 -
Koraa BcTpedaroTcss HHTErpalibl OT CHHYCOB U KOCHHYCOB Ha OTpPE3KE JIJIMHBI,
KPaTHOM TMEePHO/IY, TO TAKUE HHTETPAJIbI BBIYMCIIATH HE CTOMT, OHU PABHBI HYJIIO.

Jleknuu 7, 8 HecoOcTBeHHbIE MHTErPAJIBI.

MBI CTpoMIM ONpPENEICHHBIA UHTErPal 10 OMpe3Ky [a,b], 2oea,b - xoneunvie
Yucaa, m.e. NO KOHEUHOMY NPOMENCYMKY YUCTOBOU OCU.

Kpowme Toro, npeamnosaranock, YTo MOJAUHTETpajbHAs PYHKYUSA HENPEPbIBHA HA
ompe3sKe unu umeem Ha Hem KOHeUHOe YUCIO MOYeK pa3pblead Nepeozo pood.
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Ecnu cHumaetcst XxoTs Obl OIHO U3 3THX YCIIOBUM, TO MOHSATUE WHTErpajiga Hajl0
0000mmare, BBOAS B TPEKHEH KOHCTPYKIMH HMHTErpajia INPEACIbHBIN Mepexoa Hu
noJiyyasi Tak Ha3bIBaeMbIE HecoOcmeeHHble unmezpanvl. EcIu cHUMaeTcs mepBoe
yCJIOBHE, TO Mbl UMEEM HECOOCTBEHHBIH MHTErpall MEepBOTO POJa, €CIU CHUMAETCs
BTOPOE YCIIOBUE, TO Mbl IMEEM HECOOCTBEHHBIN UHTETpall BTOPOTO po/a.

Heco0cTBeHHbIe HHTErpaJibl OT HenpepbIBHON QYHKIUM 110 0eCKOHEYHOMY
NPOMEKYTKY (II€pBOIro poaa).

ITycts OTpe3ok [a,b| umcnoBoit ocu HeorpaHmueH. ITO BO3MOXKHO B Tpex
ciydasx: [— oo,b], [a,+oo], [— oo,+oo]. OmpenenuM HECOOCTBEHHBIE HWHTETpabl Kak

TIpeienbl

j-f(x)dx =lim,_ j.f(x)dx ,
[ £(ehax =t .. [ (s,

+00 b
I £(x)dx = lim, I f(x)dx. B mocnemmem muterpane a u b HesaBHCHMO IPYr OT

s b+ 7,

, TO Tpefena B MPaBOH 4YacTU MOCIIETHErO

npyra crpemsites Kk too. Ecmm |d| =|b

paBEHCTBA Ha3bIBAETCS INIaBHBIM 3HAYEHHEM HECOOCTBEHHOTO MHTErpaa.

Ecnu oTn mpezensl CymecTBYIOT M KOHEUYHBI, TO HECOOCTBEHHBIE MHTETPAJIbI
HAa3bIBAIOTCS cxoO0sAuumucs. Eciu mpesien He CylecTByeT UM OeCKOHEYEH, TO TaKo
HECOOCTBEHHBII MHTErpaj Ha3bIBACTCS PACXOOAUUMCH.

Ecnu cxoosmes unmezpanvt om gynxyuii f(x), g(x), mo cxoosmes unmeepans

om pynryuii A f(x), f(x)* g(x). 1o cnenyer u3 TeopeM o mpeenax.
Tl . 1 . 1o
ITpumep. I—zdx =lim, .[ — dx =1lim b%+oo——| =1, HHTErpaNl CXOAMUTCH.
X X x'

+00

+00
1 .
[Ipumep. I—dx =lim, , In x|1 = 400, HHTETpajl pacXoIUTCs.
X
1

+00
[Ipumep. Ia"dx cxoautes npH a < 1 u pacxonutcs npu a > 1. IlpoBepbTte 370.
0

+00

1
Paccmorpum unmeepan [lupuxne .[_n dx .
x
1

1 /. n
L A L

dx = lim —X
I " (n=1) b—>+ 1—n

IIpu n=1 J.Lndx =lim, (ln xX— 1) = +00,, HHTETPAJl PACXOJUTCH.
x
1

+00

Urak, necobcmeennviti unmeepan Jupuxie nepeozo pooa I—ndx cxooumcst
1

npu n > 1, pacxooumces npu n<1.
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HpH3HaKI/I CpaBHCHUA HeCOOCTBEHHBIX HHTErpaJjioB (IIOCT&TO‘-IHBIG
IMPHU3HAKHU CXOANMOCTU U paCXOANMOCTHU HECOOCTBEHHBIX I/IHTCI‘paJIOB).

1 npusnak. Teopema. Ilyctb npu x>a BBIIOJHEHO HEPABEHCTBO

0< f(x)<g(x).

+00 +o
Ecin marerpan I g(x)dx cxomures, To u umTerpan I f(x)dx cxomures.

a a

+00 +o
Ecnu unTerpan I f (x)dx pacxouTCs, TO M UHTETpall I g(x)dx PacXoIUTCA.

a a

JloxasatenbcTso. IIpounterpupyem nepasenctso 0 < f(x)< g(x) ma orpeske
[a,b], b>a,

b b
OSI f (x)deI g(x)dx. Tak kak 00e (QYHKIIMM Ha OTPE3KE WMEIOT TOJIBKO

MOJIOKUTEIBHBIC 3HAYCHHS, TO MHTETPAIbl OT ATUX (DYHKIHMI MPEACTaBISIOT COOOM
BO3pacTtaroiiue GyHKIUH OT BEpXHEro mnpenena b.

Ecmm I g(x)dx CXOIUTCS (I g(x)dx= ), To mpu mobom b > a

g(x)dx < j g(x)dx= | (I — xoHEeUHOE YHUCIIO).

a

Oéj‘f(x)dxé

a

Q C—

b
[TosTomy I f (x)dx- MOHOTOHHO BO3pacTarollasi, OrpaHWYeHHas (QyHKIUs

a
BepxHero mpezena uarerpupoanus b. CiemoBarensHo, o Teopeme Beliepmitpacca
3TOT MHTErpall Kak GpyHkus b umeer mpezaen

b +00
lim, , . J. f(x)dx=J < I, 1.e. nurerpan I f(x)dx cxooumes.

[Iycts Temneps I f (x)dx pacxonutca. Ecmm Ig(x)dx CXOIMTCH, TO IIO

+00
JOKa3aHHOMY U I f (x)dx cXoaMTcs, mpoTUBopeure. Teopema okazaHa.
a

Boo0iie-to, Bce OBLIO SCHO M3 TEOMETPUYECKOIO CMBICTA OIPEIEICHHOTO
MHTErpaia Kak IIONIad KPpUBOJIMHEHHON Tpaneuuu noj rpadukom ¢yHkiuu. Eciu
3HaueHUs ONHOW (yHKIUU Ooybllle, YeM 3HAYEHUS JPYrod QYHKIUH, TO H
COOTBETCTBYIOIIAsl KPUBOJMHEHHAS Tpaneus uMeeT 00JbIyto miomanb. M ecnu sra
IION[alb KOHEYHa, TO M MEHbIIas IUIONIab KOHEYHA. A ecClid MEHbLIas IJIOAdb
O0eckoHeyHa, To W Oousblias miomaab OeckoHeuHa. Ho cTporoe goka3aTenbCTBO He
MOJBE/IET, & «OUEBUAHOE» MHOT 1A TIO/IBOJIUT.

2 npusHak cpaBHeHus. Teopema. Ilycte npu x>a f (x)>0, g(x)>0. Ecmu

f(x)

+00
CYILIECTBYET KOHEYHBIA mpenmen lim —==K=#0, TO uHTErpasb I f (x)dx,
a

X—>+00 g(x)
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+00
I g(x)dx, CXOJISITCS WJIM PACXOJATCS OJTHOBPEMEHHO (€CIM OJMH CXOJUTCS, TO U
a

JOPYroi CXOAUTCS, €CJIA OJIMH PACXOIUTCS, TO U JPYTrOd pacXoJuTCs).
Jloka3arenbCTBo. "3 OIIpEIEICHUS npezaena cienyer

f(x)

<ge=2K-e<—~<K+e=>

g(x)

V&‘>OE|5(8)>OZX>5:>‘M—K
glx)

(K —e)glx) < f(x) < (K +£)glx).

+00
Ecnu unTerpan I f (x)dx CXOAMTCSA, TO IO IEPBOMY IPU3HAKY CpPaBHEHUS

a

+00
CXOJIUTCSI HMHTErpaj I(K —g)g(x)dx, a, CIEIOBATENIbHO, CXOJIUTCS WHTErpal

a

+00 +o
J. g (X )dx . Ecou HHTErpal J. g (X )dx CXOOUTCA, TO CXOJHUTCA HHTErpal

a
+00

I(K +8)g(x)dx, a, CIEIOBATENIbHO, MO TMEPBOMY MPHU3HAKY CPABHEHUS CXOJUTCS

a

MHTErpa I f (x)dx. [lycte uHTErpan I f (x)dx pacxonutcs. Ecnu  uHTerpan

a

+00
Ig(x)dx CXOAMTCSA, TO MO IEPBOMY NPHU3HAKY CpPaBHEHHUS CXOIHUTCS HHTErpal

a

I f (x)dx, npotuBopeune. [lycts mHTErpan Ig(x)dx pacxoautcs. Ecnm mHTErpan

I f (x)dx CXOAMTCSA, TO MO TEPBOMY MPU3HAKY CPABHEHUS CXOJUTCS HHTErpall

+00
I g(x)dx, npotuBopeune. TeopeMa 10Kka3aHa.

OrajoHaMu CIy)KaT oOObIYHO HHTerpanbl Jlupuxie WM UHTErpajibl OT
MoKa3aTeabHON (DYHKIIUH.

1+cos® x+x

+00
[Tpumep. I = (l+x) dx CXOOWTCS 1O BTOPOMY IMPU3HAKY CpaBHEHUS,
1

+00
WHTErpai cpaBHEHUS I— dx.

2
1

+o0 —-X
IIpumep. j ° dx CXOJUTCA 10 IIEPBOMY IIPU3HAKY, HHTErPall CPABHEHUS
> Vx—1
+00
Ie‘xdx.
2
HecoOcTBeHHBIE MHTErpajbl OT Pa3pbIBHOH (QYHKIHMHM IO KOHEYHOMY

NPOMEKYTKY (BTOPOro poaa).
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@DYHKIMS MOXKET TEpIETh pa3pblB Ha JIEBOM KOHIIE OTpe3Ka [a,b], Ha MPaBOM
KOHLIE WJIM B HEKOTOPOW BHYTPEHHEHN TOUKE C OTpE3Ka.
[lycts Gynkuus f (x) HEIpEepbIBHA HA OTPE3KE [a,b] 3a UCKJIIOUYEHUEM TOYKH

X= a, TorJa HECOOCTBEHHBIM HMHTETPAJIOM BTOPOTO poja OT (YHKIUH f (x) o

b b b
otpesky [a,b] I £ (x)dx naspiBaercs npenen lim, I f(x)ax= I £(x)dx

a+é&

[lycte ¢ynkuus f (x) HEMpPEphIBHA HA OTPE3KE [a,b] 3a UCKJIIOYEHHEM TOYKH
X= b, Torma HecoOCTBEHHBIM HHTETPAJIOM BTOPOro poia OT (QYHKIHH f (x) o

b b—¢ b
otpesky [a,b] j f(x)dx maswBaetcs mpenen lim, I f(x)ax= j £(x)d.

[lycte Qpynkums f (x) HEMpPEphIBHA HA OTPE3KE [a,b] 3a UCKJIIOYEHHEM TOYKH
X=rce (a,b), TOrJJa HECOOCTBEHHBIM UHTErPAJIOM BTOPOTO poja OT GyHKIUU [ (x) o

b c b
OTpE3Ky [a,b] Ha3bIBaeTCS I f (x)dx= J. f (x)dx + J- f (x)dx (MHTETpasBl B TMPaBOM

YacTH ONPEJIENICHBI BBIIIE).

Ecmm  yka3aHHBIE TIpenenbl  CYIMIECTBYIOT M KOHEUYHBI, TO HWHTETPAIBI
Ha3BIBAIOTCSA CXOOAWUMUCS, €CITH TIpeienl OECKOHEUEH WM HE CYIIECTBYeT BOOOIIE,
TO UHTErPAJ paAcxoOumcs.

Ecnu cxoosmes unmezpanvt om gynxyuii f(x), g(x), mo cxoosmes unmeepansi
om pynryuii A f(x), f(x)* g(x). 1o cnenyer u3 TeopeM o mpeenax.

1 0 1 - 1
TIpumep. jizdx = jizdﬁjizdx =lim,_, jizdxﬂimM jizdx =
,l-x ,l-x O‘X 71.x 5x

—&

. 1 . 1y
hmHO(—— +lim;, ——|(S WnTterpan pacxoaurcs, Tak Kak IpeAesl B
x X
MIPaBOii YaCTH PaBEHCTBA OECKOHEYHBI.
3ameTuM, ecnu 31ech GopMaabHO NpUMEHUTH (hopmyny Herorona-JlenOHuma
(oHa HenmpuMeHHMMa, T.K. (QYHKUUS pa3pbiBHA), mnoiayduM oTBeT 2. Eme pa3
yOex)aaeMcsi, 4TO TEOPEMBI ClIeyeT MPUMEHITh, BHUMATEIbLHO IPOBEPsIs YCIOBUS UX

IIPpUMCHHUMOCTH.

b
. 1
PaccmoTpum Hecobcmeennulii unmezpan Jupuxie 6mopozo pooa I—”dx .
x
0

A 1 5 1 —oo, n>1
—dx =, li — x| = — (" —1i l=n ) _ ) plon .
_([xn X = (ns1) 1m5—>+01_nx . 1—71( m,. ,¢& ) b Con<l
I-n
b 1 bl
IIpuy  n=1 I—ndx=1imHOJ.—dx=limH0(lnb—h15)=+oo, UHTETPaI
0¥ PR

pacxoguTces.
b

Urak, necobocmeennvii unmezpan Jupuxie emopozo pooa I—ndx cxooumcs
0

npu n <1, pacxooumes npu n>1.
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3ameuanue. nTerpansl Jlupuxie nepBoro M BTOPOro poja pacxoisaTcs Hpu
n=1. Ilpu n>1 unterpan [upuxie mepBoro pojaa cxoaurcs, a uHrerpan lupuxie
BTOpOTro poaa pacxoaurcs. [Ipu N<l unterpan upuxie nepBoro poja pacxoaurcs, a
uHTerpan Jupuxiie Broporo poaa cXoauTcsl.

[Ipu3Haku cpaBHEHHST WHTETPAJIOB OCTAIOTCS BEPHBIMH W IS MHTETPAIOB
BTOPOTO poJia. DTaJOHAMHU CpPAaBHEHUS CIyXaT OOBIYHO HHTErpaisl Jlupuxie wu
MHTETPAJIBI OT MOKA3aTEIbHOW (DYHKINH.

p dx

o Vx +Vx? +14+x°

nHTEerpasioM Jlupuxie

[Ipumepsl.

CXOOUTCA CpaBHCHHEM C HECOOCTBCHHBIM

5

dx 5
I— (n==>1) mo BTOPOMY TIPU3HAKY CpABHEHHUSI.
> 3x 2
BcenoMuuTe, yTOo cymMMa 0€CKOHEYHO MaibIX (DYHKIMH B 3HaMEHaTelle SKBUBAJIEHTHA
nmpu x —> 0 OECKOHEYHO MaJIoW HAWHM3IIETO MOPsAKa MajJoCcTH. MOXXHO T0Ka3aTh

3KBUBAJICHTHOCTH HCHOCpCI[CTBeHHI)IM BBIYHUCIICHUEM Hpeﬂena.
)

3
x? +(x+1) dx
I—4 PacXOMUTCSA CPAaBHEHMEM C HMHTETPAIIOM I— 0 BTOPOMY
X+ X 1
IPU3HAKY CPABHEHMSL.

ADCOJIIOTHAsI CXOIMMOCTH HeCOOCTBEHHBIX HHTErpajioB.

Jlo cux mop MpW aHadu3€ CXOJUMOCTH HECOOCTBEHHBIX HWHTErPAIOB MBI
MpEeANoJIaraiy, YTO MOAMHTETpaIbHAS (PYHKIMS MPUHUMAET TOJIBKO MOJIOKUTEIBHBIE
3HaueHus. OTKaXeMCsl OT 3TOTO NPEAINOJIOXKeHUs. byaem mcciaenoBaTh CXOJAUMOCTD

+00
HECOOCTBEHHBIX HMHTETPAIOB nep8oco pooa BUIA I f (x)dx, rae f (x) MOXET

a
NpPUHUMATh 3Ha4yeHHsl Jr0oro 3Haka. llomydeHHble pe3ynbTaThl MEPEHOCSTCS 10
aHAJIOTMH Ha OCTaJbHbIE HECOOCTBEHHBIE MHTErPAJIbl IEPBOIO U BTOPOTO POJIA.

+00
HuTterpan I f (x)dx Ha3bIBACTCI aOCONIOMHO CXOOAWUMCS, €CIIA  CXOJIUTCS

a

+00
HECOOCTBEHHBIN MHTErpal I| f (x)| dx .

a

+00
Teopema. Ecnu uHTETpa I f (x)dx a0COJIFOTHO CXOJUTCSI, TO OH CXOJIHUTCA.

a

JlokazarenbcTBO. BBeneM B paccMOTpeHHE JBE BCIOMOTraTelbHble (DYHKIMU
o(x)= %q f (x] +f (x)), #(x)= %(] f (x] -f (x)) Ot (yHKUUM HPUHMMAKOT TOJBKO

NOJIOKUTENbHBIE 3HaYeHus. Kpome Ttoro, (p(x)£| f (x), ¢(x)£| f (x) ITo mepsomy

MpU3HAKY CpPAaBHCHUA U3 a0COTIOTHOM CXOOUMOCTHU HHTErpajia If(x)dx, T.C. H3

a

+00 +o
CXOAMMOCTH HHTErpaia I| f (x)| dx cleayer CXOJUMOCTb WHTErpajioB Igo(x)dx,

a a
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quﬁ(x)dx. Torma cxomuTcs HHTErpain +JO.O((o(x)— #(x))dx = T f(x)dx. Teopema

a

JI0Ka3aHa.

[Ipumep.

a

( COS X
~= dxabCoTIOTHO CXOAMTCA, TaKk Kak |cosx| <1, a umrerpan
x

+00
j — dx cXoauTcs.
X
a

YciaoBHAs ¢XOAUMOCTH HECOOCTBEHHBIX HHTEIPaJIoB.

+00
Hurerpan I f (x)dx HA3BIBACTCS YCIOBHO CXOOAWUMCS, €CIIM OH CXOJUTCS, a

a

UHTETpal I| f (x)| dx pacxoauTcs.

a

"Usin x
Tokasicem, umo unmezpan I dx ycnosHo cxooumcsl.
X
b . b b b
sin x dcosx COS X b coS X cosb cosa coS X
[ g [deosx__ [0S gy | cosb cosa_peosx
X ©X X a X b a X

[Tepeitnem x mpeneny npu b —> +oo. MHTErpan B mpaBoil 4acTH PaBEHCTBA
a0COJIFOTHO CXOJUTCs, 0003HAaYMM €ero |.

+00

Isinx _cosa

00

“Fsin x
— [ . [loaTOMy HHTETrpaI I
a

dx

X a

dx cxonuTcs.

X

a

[Tokaxkem, dYTO STOT HWHTErpall HE CcXoauTcsi abcomoTHO. CrpaBemIuBO
b

. b b b
. . sin” x 1—cos2x 1 cos 2x
HEPaBCHCTBO |sm x| >sin” x. J. dx = J.—dx = Iz—dx — J.—dx
X
a a a

X 2x 2x
+00
CcOS 2x
[Tepexons k npeneny npu b — +oo, BUIUM, YTO UHTErpall I—dx CXOIUTCH

a

00

+ +o
(aHaNMOTUYHO HHTErpaIy I dx), uWHTErpan Iz—dx pacxonutcsa. Iloatomy
X

a a

sin x

)
sin
HUHTErpaj J-

a

X
dx pacxoauTcCs. Ecimu Obl oH CXOOniacCs, TO CKiIadbIBasd €10 C

"Ccos2x .
cxonsmumMcs uHTerpagom 0.5 I—dx, NOJIyYMId Obl CXOMAMIUNCA HHTErpail

X

a

+00
(0.5 I— dx ), a TOT UHTETpaJl pacXOAUTCSL.
X

a
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Hcnone3yss HEpaBEeHCTBO |sinx| >sin®x M  pacXoaMMOCTh HHTErpaja

40 . 2

sin” x

I dx , IO TIepBOMY IPHU3HAKY CPABHEHHS MOJY4aeM PAacXOAMMOCTh MHTErpasa
X

a

+00 00

[sin x| *
I—dx. CrnenoBartenbHO, HHTET Pl I
X

a a

sin x

dx ycnoeHo cxooumcsi.
X

Jlexnun 9-10. Ilpusioxkenus onpeaeieHHOr0 HHTerpaJa.

[Ipunoxxenne uHTerpasia K (U3MUECKUM 3ajJayaM OCHOBAaHO Ha CBOWCTBE
aJIATUBHOCTH WHTETpaiia Mo MHOXecTBY. [103TOMy ¢ MOMOIIBIO WHTErpajza MOTYT
BBIYHCIISATHCS TaKWE BEIMYWHBI, KOTOPBIC CaMU QIATUBHBI 10 MHOXECTBY.
Hanpumep, mnomanp ¢urypsl paBHa cymme Iuiomaaeid ee uvacred [nuna ayru,
IUIOIIAb TOBEPXHOCTH, OOBEM Teia, Macca Tela OONagaroT TeM K€ CBOHCTBOM.
[TosToMy Bce 3TH BEIWYMHBI MOKHO BBIYMCIISATH C TOMOIIBIO OTPEACICHHOTO
WHTETpaja.

MOJKHO HCIOJB30BATh JBA METOJAA PEIICHUS 3a/ad: Memoo UHMeZPAIbHbIX
CYMM U Memoo oughghepenyuanos.

MeTtoa WHTETpadbHBIX CYMM TIOBTOPSIET KOHCTPYKIIMIO —OTIPEACICHHOTO
WHTETpaja: CTPOUTCS pa3OMEeHne, OTMEYAIOTCS TOYKH, B HUX BBIYUCIISETCS ()YHKIIHS,
BBIUMCIIICTCS MHTETpabHAs CyMMa, TIPOW3BOJUTCS TIPEACIbHBIN nepexoa. B stom
METO/I€ OCHOBHAsI TPYJHOCTh — JOKa3aTh, YTO B Mpeesie MOIYYUTCS UMEHHO TO, U4TO
HY)KHO B 3aja4e.

Merton auddepeHInaioB UCIOIb3yeT HEOMPEACIEeHHBIN HHTErpal U GOPMYITY
Herotona — JleitOauma. Beramcnsior muddepeHnran BeIUYUHBI, KOTOPYIO HAJO
OTIPENIeTUTh, a 3aTeM, MHTErpupys »ToT auddepeninuan, no dopmyne HproToHa —
JleitOHMIa MOSTyyaroT TpeOyeMyro BeTudnuHy. B 3ToM MeTo/1e OCHOBHAsI TPYIHOCTh —
JI0Ka3aTh, YTO BBIYMCIIEH UMEHHO AU(QepeHnan Hy*KHOW BEIMYUHBL, a HE YTO-T100
HHOE.

Bbrunciienune niomaaei miockux puryp.

1. Queypa oepanuuena epaguxkom GyuKyuu, 3a0aHHOU 8 OeKapmosol
cucmeme KOOpOUHAm.

Mpl npUIIIM K TOHATHIO ONPEAETICHHOIO MHTerpaja OT 3aJadyd O IUIOHIaau
KPUBOJIMHEWHON Tpaneuuu ((hakTUYeCKH, UCHOJIb3YS METOJ UHTETPAIBbHBIX CYMM).
Ecmu ¢ynkuus f (x) IPUHUMAET TOJIbKO HEOTpHUIATENbHbIE 3HAYCHHs, TO IUIOIAb

S(x)mox rpaduxom byHkImH Ha oTpeske [a, b] MoKeT GBITH BBIUMCIEHA C TIOMOIIBIO
b

OTIPEEIIEHHOI0 HMHTErpaia I f (x)dx. 3aMeTHUM, 4TO dS(x): f (x)dx II03TOMY 31€Ch
a

MOJKHO YBUJIETh U MeTo] AuddepeHnnanos.

Ho ¢yHkimMs MoXeT Ha HEKOTOPOM OTpe3Ke NMPUHMMATh M OTpHULATEIbHbIE
3HAa4YeHHUs, TOrJa HUHTErpajl IO 3TOMY OTpe3Ky OyJeT JaBaTb OTPUIATEIbHYIO
IO/, YTO MPOTUBOPEUUT OMPEACTICHHIO MIIOIIA/IH.
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b
Moocno eviuuciame niowadsb no gopmyne S= I | f (x)|dx. DTO paBHOCUIBHO
a
W3MCHCHHIO 3Haka (YHKIMM B TeX o001acTaxX, B KOTOPBIX OHA MPUHUMAET
OTpHUIATEIILHBIC 3HAYCHUSI.
Ecnu Hamo BBIYHMCIUTH IDIOMIAAb (UTYPHI, OTPaHUYCHHON CBepXy rpadukom

bynkuuu  f (x), a cHuzy rpadukoMm (yHKIHH g(x), TO MOJCHO NONb308AMbCA
b
gopmynoii S= I (f(x)—g(x))dx , Tax kax f(x)> g(x).

[Tpumep. Beranciuts momans GUrypsl, orpanndeHHoN npsmMbiMu X=0, X=2 u
rpaduxkamMu QyHKUINN y:XZ, y:x3.

3amernm, uto Ha unaTepBaie (0,1) BHIIONHEHO HepaBEHCTBO X2 > X°, a mpH X >1
BBITIOJTHEHO HEPABEHCTBO x> X2, [ToaTomy

(2 3 s 2oxt Y\ (Xt 2 )e
T

4 3

I 1 8§ 1 1 3
——— 4 —— ==
3 4 3 4 3 2

2. @ueypa oepanuuena epaguxom GyHKyuu, 3a0aHHOU 8 NOJIAPHOU cucmeme
KOOpOUHam.

[Tycts rpaduk GyHKIMM 3aJaH B MOJSPHON CHCTEME KOOPIMHAT M MBI XOTHUM
BBIYMCIUTH IUIONIA b KPUBOJIMHEHHOTO CEKTOpa, OTPAHMYCHHOTO IBYMS Jyd9aMH
®=@,, =@, urpadukom QyHKIUU p = p((o) B IMOJIIPHON CUCTEME KOOPJIMHAT.

31ech MOYKHO HCIIONIB30BAaTh METOJI MHTETPATBHBIX CYMM, BBIYHMCIISS IUIONIA/b
KPHUBOJIMHEHHOTO CEKTOpPa Kak MpeJiel CYMMBI IUIOMIAJIeH JIEMEHTapHBIX CEKTOPOB, B

KOTOPBIX rpaduk byHKIIUN 3aMEHEH JTyTOM OKPY>KHOCTH
n 2
. P (gi)
S = hmmax(A(p, )*)0 ZTA¢1 :
i=1
MosxHo HCIIOJIb30BAaTh u METOJ b depeHnanos:

1 (23 2(¢)
AS ~dS == p*(p)d S=|——dop.
2 (Q)) ? (;!: 2 v

PaCCY)KI[aTL MO’KHO Tak. 3aMeHss SHCMCHTapHLIﬁ KpHBOJ’IHHCﬁHHﬁ CCKTOD,
COOTBCTCTBYIOIHI/Iﬁ HCHTpAaJIbBHOMY YTy d(ﬂ KpYroBbIM CCKTOpPOM, HMECM

2 2 2 2
HPOTOPIIUIO T Orcroma dS = wpdg p—dqo . Marerpupys u ucrosb3ys
dp < dS. 2r 2

2

P’ ()
PPy
g

2]
dbopmyny Hetotona — JleiiOuuia, nonyqyaem S = I
4

[Tpumep. Beruucnum miomaas kpyra (nposepum ¢opmyiy). Ilomaraem p=R.
27
[Inomane kpyra paBHa I%de(o = %R227z =R’ .
0
IIpumep. BeryuciuM mioimas, OrpaHU4eHHYIO KapAUOUION O = a(l + cos (p).
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§S=2

N | =

0

3 @ueypa ocpanuyena epagpuxom GyHKyuu, 3a0aHHOU NApaAMEempudecKku.

X = x(t)

@DyHKIMS MOXKET ObITh 3a/laHa apaMETPUUECKU B BUE { ( ) Hcnonszyem
Y=t

b
dopmymy S=I| f(x)dx, noxcrasmn B mee dx=|x(t)dt,|f(x) =[] n npenensr

15}
UHTErpUPOBAaHUS 10 HOBOM mepemMeHHOW . S = I |y(t))'c(t)|dt. OOblyHO TIpHU
4
BBIUMCIICHUN WHTErpaja BBIACISIOT T€ 00NacTH, TAe MOJMHTErpaibHas (YHKIUS
MMEET OIpEeJIeIEHHBI 3HAK W YYUTBHIBAIOT COOTBETCTBYIOMIYIO IUIOIIAh C TEM HITH
WHBIM 3HAKOM.

X =acost
[Ipumep. BerancnnTs mioma b, OrpaHUuYeHHYIO 3JUTUIICOM L
y =bsint
Hcnonp3yeM CUMMETPHIO 3JUIMIICA, BBIYMCIWM IUIOMIA[b YETBEPTH SJUIMIICA,
HaxoJAIIyIoCS B MepBOM KBajapaHte. B »stom kBagpante y >0, x=-—asint<0.

i a

2 21
[Tostomy S =4Ibsint asint dt =4abjlc—552tdt =4ab%% =mab.
0 0

Brruuciaenue 00L,eMOB Tell.
1. Buwiuucnenue 06vemos men no niowaosim napaiienibHbiX ceueHull.

IIycte Tpebyercss BBIYMCIUTH OOBEM HEKOTOPOro Tena V 1O HM3BECTHBIM
IUIOUIA/IAM CEUYEeHUN S(x) 3TOr0 Teja IMJIOCKOCTSAMH, MEePHEHANKYISIPHBIMHU MPSAMOMN

OX, mpoBeZieHHBIMHU Yepe3 JH0YI0 TOUKY X oTpe3ka [a, b] mpsmoit OX.
[Ipumenum meton auddepennuano. Cunras 31eMeHTapHbI 00beM dV , Haj
OTpE3KOM [x,x+dx] 00BEMOM TPSIMOTO KPYrOBOTO LMJIUHApPA C IUIOIIAIbIO

OCHOBaHusa S (x) ¥ BBICOTOH dx, nomydnm AV =dV =S8 (x)dx Hurerpupys u
npumenss popmyny Herortona — Jlelibnuna, norydnm

V= jS (o )elx .

2. Babmuczzenue 00veM08 mei 8paueHUs.

ITycTh TpeOyeTcst BRIYUCIUTL 00bem mena epawjenusi okpye ocu OX.

Torma S(x)=m>(x), V= ﬁiyz (o )elx .

AHanoru4Ho, oowvem mena S;QM/;QHM}Z sokpye ocu OY, ecnu (QyHKIMS 3a/laHa B

d
BUJIE X = x(y), MO’KHO BBIYUCIIUTH 110 hopmyre V = Ix2 (y)dy :

c
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Ecnu ¢ynxyus 3a0ana 6 sude y = y(x) u mpebdyemcs onpedeaums oovem mena

gpawjenusi oxpye ocu OY, To GopMyiy Ui BEIYUCICHUS 00bEMa MOKHO TOJIyYHTh
CIIETYIOIIUM 00pa3oMm.

AV (x) =V (x+dx) =V (x) = 22 (x + )~ % (x) = 2((p(x) + dv)* 12 (x)=

7y (x)+ 2y (x)dy + dy* = * (x)) = 200y (x )l + 7y
Ilepexons x muddepennuany u mpeHeOperas KBaIpaTUYHBIMH YJICHAMH,
nMeeM dV(x)=2723/2(x)dx. Wurerpupyss u mnpumensas ¢opmyny Heroorona —

b
JleiiOnuma, umeem V= 27zJ- xydx .

[Tpumep. Beruncnurs o0BbeM mapa x> +y* =R,
V= Tizyz(x)dx = 7r.1|i(R2 —xz)dx =7R*2R —ﬁ% : = 27R’ —27T—R3 = gﬂR3.
71i'IpI/IMep. BBI:-IRI/ICJ'II/ITB 00BEM TPSMOrO KpPYroBOrO KOHYCA, OTPAHUYEHHOTO
IIOBEPXHOCTBHIO zl;y 2 = 2—221/1 IJIOCKOCTBIO z = H .

Brrunciaum o0beM, kak 0O0beM Tea BpalleHHs, 00pa30BaHHOTO BpaIICHHEM
BOKpYr ocu OZ mpsiMOYroJIbHOTO TPEYroJIbHHUKA B II0CKOCTH OXZ, KaTeTsl KOTOPOTO

nexat Ha ocr OZ u npsimoii Z = H , a TUnoTeHy3a JIXKHUT Ha MPSIMOH z = Ex .

R 2> aR’H
H* 3 3
HckoMblit 00beM MOXKHO TOCUMTATh KaK pPa3sHOCTh OOBEMOB TPSIMOTO
KPYroBOTO IMIMHApA x° + y° = R”c BeIcOTON H 1 Tema, BpaIeHns, orpaHNueHHOTO
MAJTUHIPUYECKOW, KOHUYECKOU MOBEPXHOCTIAMH U TIIOCKOCThI0O OXY
27HR®  aR’H
3R 3

H Rz 2
Bripaxas X uepes z, monyuum V =1 J' (EJ dz =
0

R R
V=mR’H —2ﬂsz(x)dx =7R*H — 27zj.x%dx =7R*H —
0 0

Boiuucienne JUIMHBI TYTH.

Jns TOro, 4YToOBl TOJIYYUTH (GOPMYNBI JUISI BBIYMCICHHS JJIAHBI JIyTH,
BCIIOMHHUM BBIBEJICHHBIE B | cemecTpe hopMysibl ais nuddepeHipana JUIMHbL TyTH.
Ecnu o0yea npeocmasnsem cobou epaguk nenpepwvigno oughghepenyupyemoti

Gynxyuu y = f (x), muddepeHnran JUIMHBL YT MOKHO BBIYUCIUTH 1O popmyrie
b

dl = 1+ y"*(x)dx . Tlostomy [ = I 1+ " (x)dx.

“ X = x(t)

y=y)
dl = \/x*(t)+ y*(¢)dt . TlosTomy [ = Tw/)'cz (£)+ 32 (¢)dr.

Ecnu oyea 3a0ana 6 nonaprnou cucmeme koopounam, To

Ecnu enaokas oyea 3a0ana napamempuuecku { TO
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dl =+ p*()+ p°(p)dg . Tlostomy [ = T\/ p’(@)+ P’ ()de .

[Tpumep. Boruncoute mmHy ayru rpaduka Gyskmum y =Insinx, x € {%,%} .

\/1+y'2(x) = \/1+ctg2x =

tz—ln
g4

tz——lntZ
€3 &3l

Sin x

i
2
X
— 1= j— =In
sinx .
4

[Ipumep. BerancnnTe 1nuHy KapIuouasl O = a(l + cos (o).

V4 V4

/= ZQI\/1+2COS(p+COSZ @p+sin’ @ dp = Zﬁaj,/1+cos¢ dop =
0

0

2\/§a.[\/§cos§d(0=8a
0

. x = alf —sin¢)
[Ipumep. BerancanTe JUIMHY OJTHOW apKH IIUKJIOW/IBI. .
y= a(l —COoS t)

Ji2(0)+92(6) = ayJ(1-cost)’ +sin® £ = av/21—cost = 2asin%

2z

2z
l= J. %2 (6)+ 3 (¢)det = 2a.|.Sin%dt =—4acos%|§” ey
0 0

Boruncienue njoimaan IMOBCPXHOCTH BpalllCHUS.

[lycte THamkas ayra TmpeacTaBisieT  co0od  rpaduk — HENMpepBIBHO
muddepeHurpyeMoit pyHkuu f (x), X e [a,b]. Ota nyra Bpamaetcst BOKpyr ocu OX,
ONHCBHIBasE HEKOTOPYIO TIOBEPXHOCTh. TpeOyeTcss ONpeneNnuTh IUIOIMAAb dSTOU
MTOBEPXHOCTH.

Cunrasi JIEMEHT TOBEPXHOCTH OOKOBOW IMOBEPXHOCTBIO YCEYCHHOTO KOHYCA,
BBICOTOM KOTOPOTO SIBIISICTCS OTPE30K [x, X+ dx] , HOJTyYUM
AS = 72(y(x)+ y(x + dx))dl = 27(x)dl + ny(x)dxdl . Buinensist 31ech MUHEIHYIO YacTh,
npeHeOperass KBagpaTUYHBIM wieHOM OT juddepeHnuana dx, MOoIydaem
das = 27zy(x)dl . Materpupys u npumenss popmyny Herorona — JleliOHuia, moryaum

S= 27[} y(x)dl = 27[3. Y1+ »" (x)dx .

Ecnu ¢yHkims 3agana napaMeTprUuecKy WM B MOJIAPHON CHUCTEME KOOpJMHAT,
TO B 3TOH (opMysie MPOU3BOJUTCS COOTBETCTBYIOIIAS 3aMeHa MEPEMEHHOM, (OPMYIIbI
g quddepennnana JUIMHbL AYTH dl TPUBECHbI BBIIIE.

ITpumep. [yra rpacduka QyHKIHH yzl,xe[1,+oo) BpaIllaeTCsl BOKPYr OCH
X

OX, o6pa3y;1 «BEACPKO». MoXHO 14 HaJuTh B 3TO BCACPKO OIMPECACICHHOC
KOJIMYCCTBO KPACKH TaK, YTOOBI OKpaCuThb 6OKOBYIO NIOBCPXHOCTDH Be,uepKa?
BO'HepBLIX, onpeaAciinM, KOHCYCH JIN 00BeM BCACPKaA.
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+00

V=nrn I—zdx =7, UHTETpaJ CXOOUTCS, OoOBeM KOHEYeH. Bemepko Oyxaer

OKpaIIeHO, ecii Oy[eT OKpallleHa KaKAas TOYKa MOBEPXHOCTH, T.€. B TOM CIydae,
Korzia OOKOBasi MOBEPXHOCTH Beiepka OyJeT KOHeuHa.

Sooe =21 J.% J1+ x%dx . Tak kax |1+ xi“ > 0, a uHTErpan Iidx pacxoauTcs,

TO NepBOMY TIPU3HAKy CpaBHEHHS OyJEeT pacXOJUThCS H  HMHTErpaj

Sooe =27 J. 1+ —dx CnenoBarenbHo,  OOKOBas ~ IOBEPXHOCTb  HMMEET

6CCKOHC‘-IHYIO IUIOIIA/Ib, U OOKOBYIO IIOBEPXHOCTh BEJIEPKA OKPACUTH HE YIACTCSI.
Jleknus 11. Iu¢pepenuuaibHbie ypaBHEeHHS.

Huppepenyuanvnvim  ypasnenuem Hazvlieaemcs yYpagHeHue OMHOCUMENbHO
He3a8UCUMOL NePEeMEHHOU, HeU36eCMHOU YHKYUU U ee NPOU3600HbIX.

JuddepenunanbHOe ypaBHEHUE 00u/e20 610a BHITIIAIUT CIEAYIOIUM 00pa3oMm:

F (x, y(x), y'(x),...y"(x))= 0. 3mece X — He3aBHCHMAasi mHepeMeHHas, Y(X) —
HeW3BeCTHas (PyHKIIHSI.

Tlopsiokom muddepeHInaTbHOTO YpaBHEHUSI HA3BIBACTCS TMOPSAIOK CTapIei
MPOU3BOJHOM, BXOISIIEH B YpABHECHHE.

Ecnu, mone3ysick TeopeMoil 0 HesABHOM (YHKIMH, U3 ypaBHEHHUS OOILEro BHa
yllaeTcs BBIPa3UTh SBHO CTapUIyl0 MPOU3BOIHYIO, TO TAKOE YPaBHEHHME Ha3bIBACTCS
YpasHeHuem, paspeueHHbiM OMHOCUMENbHO cmapuiel npou3e00HOU.

v = )y () (x)):

JAnddepennuanbubie ypaBHeHHs MEPBOr0 MOPSAKA.

JubdepenunanbHoe ypaBHEHHE TNEPBOTO TMOPSAAKA 00weco 6uda BBITISIAT
CIICAYIOIIUM 00pa3oM:

F(x,y(x),y’(x)) = 0 :
Hpel[l'IOJ'IO}KI/IM, qTO I[I/I(b(bepCHHI/IaHBHOC YpaBHCHHUE YAAJIOCh Pas3spClInTh
OTHOCHUTCIIbHO HpOHSBO,I[HOfIZ y,(.X) = f(x,y(x)) 501041

y'=flxy).
OyHKIUA y(x) Ha3pIBacTCs peuieHueM AuddepeHHaIbHOr0 ypaBHeHUS

NEepBOro mopsaKa, €Ciu 1mpu MmoJACTaHOBKE OTOTO PCIICHUA B YPABHCHHE IIOJTydacM
TOXACCTBO.

y'(x)= fx(x)).
OyHKIMA y=(p(x,c) Ha3bIBaeTCs 00IMM penieHueM AU PepeHuaIbHOTO
YPABHEHUS MEPBOIro NMOpPsiAKa B 00J1aCTH G(x, y), ecnu

- Ipu J1000# MOCTOSHHON ¢ (QYHKIMS (o(x,c) ABJIAETCS PELICHUEM,

- g mo0oro Habopa HaydalbHBIX YCIOBUH (xo , yo)e G cymiecTByer
KOHCTaHTa ¢, Takas, 4YTO y(xo,co): go(xo ,CO): Vo> T.€. CYILECTBYET
pelIeHne U3 CeMeNcTBa ) = (p(x,c) (mpu ¢ =c,), yIOBIETBOPSAIOLIEE ITUM
HayaJbHBIM YCIOBHSIM.
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Oo0notl u3 0CHOBHBIX 3a0ay ABNAEMCS 3A0aud OMBICKAHUS 00We20 peluleHus
oughgpepenyuanvbHozo ypasHemsl

Ecnu 3adukcupoBath MOCTOSHHYIO B OOIIEM PEIICHUH, MBI MOJIy4UM 4YACTHOE
pemienue q1udPpepeHHATBLHOT0 yPaBHEHN s EPBOro MOPSIKA.

D yHKIUA cD(x, y) Ha3bIBAETCH MEePBbIM HHTErpajoM auddepeHuaIbHOroO
YPABHEHUs1, €CJIM OHA COXPaHsieT CBOM 3HAYECHHUS HA ero peleHusAx (cD(x, y)=C).
Io cyru gemna, 310 — 3aKOH coxpaHeHus (PyHKIUSA cD(x, y) COXpaHseT 3HAYCHUS

Ha peueHUsX A} QepeHInaIbHOr0 ypaBHEHUS).
HuTerpanbHoii KpuBoii Ha3piBaeTcs rpaduk pemenus audQepeHnnanbHOro
YPaBHEHUS.

Oonoti u3 ocHosHbix 3a0a4 Aensemcs makoce 3agada Komm - 3a0aua
OMbICKAHUA YACMHO20 peutenus ouppeperyuanvHo2o ypasHeHus,
VO08IEeMBOPAIOWE20  3A0AHHLIM — HAYATNbHLIM — YCIOBUAM (xo,yo)eG 158)07¢

MHTETPAIIBHON KPUBOM, IPOXOJSAIIEH Yepe3 3aJaHHYI0 TOUKY (xo Vo ) eG.
Teopema cymecrBoBanus pemieHus 3aaayu Komm.

Ilycmo  ¢yukyus  f (x,y)Henpepwaa 6 obracmu (x,y)e G, moeoa
cywecmgyem xoms 0Obl 00HO peuteHue, Yy0ogiemeopsoujee arObIM 3a0AHHbIM
HA4anbHbIM YCI0BUAM (xo , yo)e G wumi cywecmeyem xoms Obl OOHA UHMEZPAILHAL

Kpueas, npoxooaudas uepe3 mouxy (xo , yo)e G.

Teopema cymecTBoOBaHMS U eIMHCTBEHHOCTH pemieHus 3agaun Komm.

Ilycmo ¢pynkyua f (x, y) HenpepvigHa 6 odacmu (x, y) € G u yoosnemesopsiem 6
Mot 0oaacmu 0OHOMY U3 MpPex YCIOBULL:
A: ynxyus (x, y) yoosenremsopsiem yciosuio Jlunwuya no y

() £y, ) S Ly, = »,,
of (x.y)

B: cywecmeyem u oepanuuena uacmuas npouzeooHas ———=,
oy
D: cywecmeyem u nenpepuvisna uacmmuas npouzeo0Has M .
oy

3ameTtum, 4yto U3 ycinoBus D cienyer ycnoBue B., a u3 ycinoBus B cnenyer
ycnoBue A. Ilostomy kimacc (QyHKUMMN, YIOBICTBOPSIOUIUX YCIOBUIO A, IIUpE, YeM
Kimacc  (QyHKUMHA, YIOBIETBOPSIOMIMX yclIoBUMIO B, a Kkiacc byHKIUH,
y,Z[OBJ'IeTBOpHIOIHI/IX YCJ'IOBI/II-O B, mupe, 4€M KJiacc (I)YHKI_[I/Iﬁ, y,Z[OBJ'IGTBOpSIIOH_II/IX
ycnosuto C. Ycnosue A npoBepuTh TPYAHO, a yciioBue B nimm ycinosue D npoBeputs
ropa3z[o JICTYC.

Ecim B kakoit-mubo ToUKe (x, y)e G peuenue auddepeHIHaTBEHOTO
ypaBHeHI/ISI HC CYH_ICCTByeT (qepe3 TO‘{Ky HEC HpOXOI[I/IT I/IHTeraJ'IBHaSI KpI/IBaH), TO B

Hell pa3pbiBHA QyHKIMA [ (x, y).
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Ecnmu uepe3 kakyro-nub0 TOUYKY TPOXOIAT JABE WIM 00Jiee WHTETPaTbHBIX
KpUBBIX, TO QyHKIUSA f (x, y) HEIpepbIBHA B 3TOM TOYKE, HO HU OJIHO U3 YCIOBHM A,
B, D He BBIOIHEHO B HEM.

ITpumep. Haiitu obiee 1 4acTHOE pelieHUE ypaBHEHHS ) = ).

OueBugno, uro obmee pemenue Oymer y =Ce*. Tak kak mpaBas YacTb

HETpepbIBHA W YAOBJIETBOPSET YCIOBUIO D, TO dyepe3 moOyi0 TOYKY KOHEUHOM
wiockoctd OXY mpoXoAuT eMHCTBEHHAs! HHTETpajibHAst KpUBasl.
Jns 3aaHHBIX HA4yalbHBIX YCIOBUU (xo ,yo)e G cymecTByeT KOHCTaHTa

C, =y,e ™, takasg uto y, = C,e™ =(y,e ™ )e™.

Jlekumusa 12. OcHoBHble TNl AU (epeHINATBHBIX YPABHEHUH INepBOro
NOpPAAKA.

YpaBHeHus C pa3ieJslOIUMKCS TepeMeHHbIMU.

ypaBHeHI/Ie C paSJIeJIHIOHH/IMI/ICH HepeMeHHLIMI/I NMECT BUQ
!
V' = fx)g(y).
B 3TOM ypaBHEHWMH MEpEMEHHBIE «MOXHO Pa3IEUThY, T.e. QYHKIUU OT X U dX
coOpath B TPABYIO YacTh, a GyHKIUK OT Y 1 dY — B JIEBYIO 4acTh. 3aT€M HHTETPUPYEM
TOJTy4eHHOE COOTHOIMIEHHE M MoNydaeM cooTHourenue Buma ¢(y)=¢(x)+C.

(el %: Flekd, | %= [1G)ax oly)=px)+C.

d
Ipumep. y' =y, D _ . 3ametum, uytoy =0 - pemieHre, 3TO TakK

Ha3bIBa€MOE TPUBHAJILHOE perieHue. ToJbKo, MpoaHaIu3upoBaB, sBiserca m )y =0
pElIeHUEM UJIM HET, Mbl UMEEM MPaBo, pa3/IeIuB 00 YaCTH Ha y , IBUTAThCS JajbIlIe.
WNuave TpuBuanbHOE penieHre 0yaeT moTepsHo.

]n| y| =x+C,.

311ech Helb3s MOTePSITh MOYJb, HHAYE NMoTepseM peuieHus npu y < 0.

| y| =efle”.

0O603Haunm C, = e >0 U packpoeM MOIyIb:

y=xC,e".

3amenum C =xC,u paspemuM C ObITh paBHOW HYNIIO, T.K. TPUBUAIBHOE
peuienue ectb. OKOHYATENBHO,

y = Ce", rne C — mpou3BOJIbHAS ICHCTBUTEIIbHAS TIOCTOSHHAS.

OOBIYHO BCE ITU «IIOABOJHBIE KAMHW» OMYCKAIOT (JIOCTAaTOYHO CKa3aTh O HHUX

dy

OJIUH pa3) U Cpa3y BHIIHUCHIBAIOT pellIEeHNE YpPaBHEHUS e Ce*,VC.
X
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1
IIpumep. Hailtu KkpuByr0, NPOXOIALIYIO 4Y€PE3 TOUKY (1, gj, €ClIM  YIJIOBOM

KOA(QQHUIIMEHT KacaTeJbHON K KPUBOW B TpU pasza OoJblle yriioBoro Kod(h¢uirenra
panuyc-BeKTOpa B TOUKE KaCaHMs.

d d
y' = 32, Y _ 3—x, y=0- pemenue, y=Cx’. IloacTaBiss HayalbHbIE
X

Xy
1 | B
YCIIOBUSA, OJTYYUM 3 =C, y= gx .

[Ipumep. @opmyna Luonxkosckozo.
Pakera BMecTe C TOIUIMBOM, Maccoi m(t), JBIDKETCSl  IIPSAMOJIMHEIHO, 0e3

yuc€Ta TIpaBUTALUU. CKOpOCTI) HUCTCUCHUs TOILIMBA VO , B HaYaJILHBIA MOMEHT
BpCMCHU tO pak€Ta HCMIOJABWIKHA U MMECT BMECTC C TOIIJIMBOM MacCy M. BriBectu

(hopMYIIBI 111 CKOPOCTH PAKETHI v(t).

Beinenum anemenT maccebl dm. T1o 3ak0HY COXpaHeHHUsT KOJTMYECTBA IBUKCHHUS

d(mv)=(v—V,)dm, mdv+vdm=vdm-V,dm, dv=-V, d_m, v=—V,Inm+C
m
Moxcranss v(t,)=0, momyanm  C =¥, In M . Orcrona
M
v=V,In— - popmyna [{uonkosckoro.
m
OnHopoaHOe ypaBHEHHE.
IIpaBas yacTh OJTHOPOIHOTO YPaBHEHHS 3aBUCUT OT OTHOIICHHS 2,
x
1)
X
DTO TO3BOJISET 3aMEHHTh OTHOUIHHE HOBOH mMepeMeHHOH u(x)= Y
x
y =xu(x).
' ' ’ du dx
Y =ule)+ () = flulx)), )= flu)-u, —s— ===
flu)-u x

Honyquo YPaBHCHUC C pa3ACSIIOIMIUMUCS ICPEMCHHBIMU. Ecmn f(u)E u, TO
HCXOAHOC YPABHCHHUC YIKC ABJIACTCA YPABHCHUCM C PA3ACIIAOIUMUACA ICPECMEHHBIMU.

ITpumep. y':1+2z. y:xu(x),
X
V' =xu'+u=1+2u, ﬂ:@’ ln|l+u|=1n|x|+C, 1+u=Ckx, 1+ =Cx
I+u x X
y=(Cx—1)x

O0001IeHHO-0THOPOAHOE YPABHEHHE.

O0600111eHHO-0THOPOTHOE YPaBHEHUE UMEET BH/T
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, ax+by+c

gx+ky+m
Bo3MoxHBI 1Ba cirydast
a

q
dy
d¢ = adx +bdy = (a+bd de

p=ax+by+c

1) #0 Pexomenmyercs 3amena {

t=gx+ky+m’

dt = qdx + kdy = (qukd jdx

dg¢ _a+by' _ ( )
DA peie , TIOJTYYHJTA OJTHOPOJHOE YpaBHEHHE.
9 q+ k/{ ]
a u
2) =0
q k
371ech BBOJAT HOBYIO QYHKIHMIO ¢ = ax + by + ¢ cTapoil nepeMeHHOH X.

T U
MPOMOPLUUOHAIBHOCTH  CTpOK  ompexaenurtens.  [lonydyeHo — ypaBHeHHEe ¢
pa3aeNoIUMHUCS TEPEMEHHBIMU.

d¢ = adx + bdy, ? =a+by'=a+ bf[2~¢ J , TAe A, [ OTIpENeNsIOTCs U3
X

1
[Mpumep. y'=Lx+1,cnyqaﬁl).

4
p=y+x+1 d¢:dy+dx—(y’+l)dx ﬁ_y#l_t P+t
t=y—x+1" dt=dy—dx=('~1)dx ' dr y' -1 Q_l p—t

t

[Tonyunnm ogHOPOIHOE YpaBHEHUE.

y+x+1
y+x+2

¢p=y+x, dp=dy+dx, d—¢=@+1=ﬂ+1.
dx dx ¢+2

HOJ'Iy‘II/IJ'II/I YPaBHCHUC C pa3ACIIIOINMHACA ICPEMCHHBIMH.

IMpumep. y' = , CITydaii 2).

JIuneiiHoe ypaBHeHHe.
' +alx)y =b(x)

CYH_IGCTByeT JABa MCTOJa PCIICHUA JIMHEWHOTO YpaBHCHHA: MCTOA BapHaluu
HpOH3BOJ’IbHOﬁ MMOCTOSSHHOM U METOJ, ITOJICTAHOBKH.
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Mertoxa Bapuaniy IPOM3BOJILHON MOCTOSHHOM OyZeT BCTpeuaThcs HaM YacTo:
IIPU PELIEHUH HEOJHOPOJHBIX JIMHEWHBIX YPAaBHEHHUW BBICIIETO MOPAAKA, IIPH
peLIeHUN HEOAHOPOAHBIX CUCTEM JIMHEHWHBIX ypaBHEeHUM. Ero Hano 3HaTh TBEPIO.

[Ipn pemeHnn MeTOAOM BapHAUMU NPOU3BOJIBLHOM INOCTOSHHON CHadaia
pelIaT 0JHOPOJHOE ypaBHEHHE (C HYJIEBO MPaBOil YacTbhIO)

vy +a(x)y=0
OTO0 — ypaBHEHHE C Pa3IeIISIONIMMHUCS TIEPEMEHHBIMH.
d —|a\x)ax
—y=—a(x)a’x, y=_Ce Joto .
y
3aTeM BapbUPYIOT MPOU3BOJBHYIO TOCTOSIHHYIO, Mojaras C = C(x).

- > - d.
V= T — (a0
IloacraBisieM B HEOJTHOPOIHOE YpPaBHEHUE:!
- dx - d. - d.
C'e Jotohar _ Ca(x)e Joleh + Ca(x)e Joohas_ b(x).
[Ipn Bapuanuu NpPOU3BOJIBHON TOCTOSHHOM 371€Ch 00S3aTeNbHO JIOJIKHBI
COKPATUTBCS JBa WICHA, B TOM UJES METOMA.

C'= b(x)eI a(x)dx, C(x)= jb(x)ej ey C , rme C — Tpou3BOJIbHAS

IIOCTOsIHHAA.
y(x) = e_Ia(x)dx(J‘ b(x)eja(x)dx 4 C) _ Ce—_"a(x)dx + e_Ia(X)dij(x)eJ.a(X)dx .

Buano, uTo obiee pereHne HeOJHOPOAHOTO YPaBHEHHSI PaBHO CyMME OOIIETro
perieHus OJHOPOJHOTO YPaBHEHUS U YACTHOTO PEIICHHs] HEOTHOPOIHOTO YPaBHECHHS.
DTO CIpaBeIMBO HE TOJBKO ISl JIMHEHHBIX YpaBHEHUW TIEPBOTO MOPSIKA, HO U IS
JIMHEWHBIX YPaBHEHUN BBICIIUX TOPSIKOB, U JUISI JIUHEWHBIX CHCTeM. TaMm moo0Hoe
YTBEPKJICHHE Ha3bIBACTCS TEOPEMOM O CTPYKTYpe OOIIEro pemeHus: Heo JHOPOTHOTO
YpaBHEHUS WA CHUCTEMBI.

3ameuanwne. Pemras ypaBHEHHE METOJOM BapHaIluH, 00s13AmMelbHO NPUBoOUume

€20 K 8UQy y'+a(x)y = b(x) (eciu npu y' cmoum xoapuyuenm, mo oerumo

HAa Heco 06}13am€ﬂbH0), HHa4y€ MCTOJ Bapualluu OacCT OIHI/I6Ky

I1pu penieHrn MeTOI0M MOACTAHOBKHM I10J1araloT
y(x)=u(x(x). MbI Buzen Bbilie, YTO pelllcHHE ACHCTBHTEBHO SBIACTCS

MPOM3BEICHUEM IBYX QYHKIHHA OT X. DTOT (PAKT 3/1€Ch U HCIOIB3YESTCS.
yv'=u'v+uv' . TloacraBisieMm B ypaBHCHHUE:

u'v+uw' +a(xuv = b(x).
Teneps pemator 6o ypasuenue u'v+a(x)uv = 0, onpenenss otciona
—Ia(x)dx

u=e , 1100 YPaBHCHHUC uv' + (l(X)LtV =0 , OIIpeaciasa OTCroAa

—Ia(x)dx
v=e . 30ecv npu unmezpupoganuu He Ha0o 000ABIAMb KOHCMAHMY, OHA
NOABUMCA NO3dice, NPU OMbICKaHuU 6mopoti ¢pyukyuu. B mepBoM ciydae, ocTaeTcs

Haiiti Vs wv' =b(x), v= J‘ix)dx = J‘b(x)eja(x)dxdx +C.
u

Teneps y =uv = e_Ia(x)dx(j b(x)eja(x)dx + C) , KaK ¥ BBILIC.
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BTOPOM 1 TacTCs HaWTH u uv=>blx),
Bo opo ciyJae 0CTaeTC a u 3 'v=>b

u= J@dx = Ib(x)eja(x)dxdx +C.

Teneps y =uv= eIa(x)dx(j b(x)eja(x)dx + C) , KaK U BBIIIIE.

[pumep. xy' —2y =2x*,
Pewenue memooom sapuayuu. IlpuBonuM ypaBHEHHE, el Ha KodQduUIHeHT
npu y':
v - 22—y,
X

oY, Wi o
x y x

Pemaem oHOpOIHOE ypaBHEHHE )’

Bapbupyem npou3BobHYIO MOCTOsHHYI0 C = C(x), y' =Cx* +2Cx.
TTozxcrasnsieM B HeoHOpOAHOE ypaBHeHne C'x” +2Cx —2Cx = 2x°,
C'=2x, Cx)=x*+C,, y :)cz(x2 +C1).

Pewenue memooom noocmanosxiu.
4

y=uv, y =u'v+u, x(u’v+ uv')— 2uv=2x", xuv'-2uv=0, xv'=2
dv dx
=2

v x

2 2

y=uv=x (x +C1).

2 4 4 2
v=x", xu'v=2x", xu'=2x*, u'=2x, u=x>+C,

YpaBHenne bepuysuin.

' +alx)y = blx)y"
Ecmm n = 1, T0 3T0 — ypaBHEHHUE C pa3elONIMMHUCS TIepeMeHHbIMH, et N = 0, To
3TO — JIMHEHHOE YpaBHEHHUE.

3ameTuMm, uro ipu N > 0 y =0 - pemeHue ypaBHEHHS.

Pewamyo ypasnenue bepuynnu modxicHo mpems cnocobamu

n

o o 1—
1) ceedenue Kk aunenHoMy yPaGHeHUI0 3AMEHOU Z = Y

-1
Paznenum 00e yactu ypaBHeHust Ha ",

y' 1 1 1 1

—+ a(x) — = b(x), — | + a(x) — = b(x),
y b% l-n\y y 1-n
[Tomyunnu nuHelHOE ypaBHEHHUE OTHOCUTENHHO z(x) (n # 1).
DTOT METOJ MPUMEHSETCS PEAKO, TaK KaK ypaBHEeHUE bepHysin MOKHO peniaTh

TEMH K€ METOJAMH, YTO U JMHEHHOE YPaBHEHHE, HE NIPUBOJA €I0 IIPEABAPUTEIBHO K
JIMHEUHOMY.

z'+a(x)z = b(x)

2) Pewenue memooom eapuayuu npou3801bHOU NOCMOSHHOU.
Peurenne npoBOAUTCS AaHAJIOTUYHO JIMHEWHOMY YPaBHEHHUIO.
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Pemum cHauana oJHOpPOJHOE ypaBHEHHUE, IoJlaras IpaBylH0 4YacTh ypaBHEHUS
HYJIEBOM.

V' + a(x)y =0, y= Ce_ja(x)dx.

3areM uwem pewieHue YpasHeHus 6 eude y = C(x)e_J a(x)dx, BapbUpPYys
MPOU3BOJIBHYIO MOCTOAHHYIO C = C (x),

BBIUUCIISIEM )’ U MOJICTABJISIEM B HCXOJIHOE YPABHCHUE .

C,e—ja(x)dx 3 Ca(x)e—ja(x)dx N Ca(x)e—ja(x)dx _ b(x)cne—nj.a(x)dx.

BHOBb, Kak W B JIMHEHHOM YpPAaBHECHHH, JBa CJaraéMbIX COKpallarTcs,
MOJIy4aeM YPaBHEHHE C PA3ACIAIOMINMUCA EPEMEHHBIMH.

Ccij(nj _ b(x)e(l—n)ja(x)dx

Onpegensist otcrona byrkimio C(x), moacTaBsieM ee B y = C(x)e_J alees.

3)Peutenie memooom noOCmManosKu.

IMomaraem y = u(x(x), mozxcraBnsieM ' = u'v+uv' B HCXOHOE YpaBHEHHE
u'v+uw' +a(x v =b(xu"v",

TouHO Tak e, Kak IPU PEIICHUH JITHEWHOTO YPaBHEHUs, pellaeM, HalpuMmep,

— a(x)dx
ypaBHEeHUE u'v+ a(x)uv =0, u=e J . [loacraBnseM mnonydeHHYIO (QYHKIHIO,
pelaeM  «OCTaBIIEECS»  ypaBHEHHE C  pa3leNSIIOIIMMHCS — NEPEMEHHBIMHU

w' =y, D= p(a)e
v

3aMeTHUM, YTO OHO MOJYYHUJIOCH TOYHO TaKHUM JK€, KaKk B METO/e BapHallUu.
[ToaTromy BTOpas ¢yHKUMS B METOJIe MOJCTAHOBKM M €CTh Ta camasl BapbHpyeMmas
MOCTOSIHHAS. 3aTeM 3allUChIBaeM pEIlIeHUEe ) = u(x)v(x)

Bunum, uto MeTosa BapHalMy U METOJ TMOJACTaHOBKH, (PAKTHUECKU, OJTUH U TOT
xe Meton. [Ipocto B MeTo/e MOJACTAHOBKH C CaMOro Haudaja HCHOJb3yeTcs TO, YTO
pellleHre NpPEeNCTaBisieTcs B BHJE NPOU3BENCHUS JBYX (GYHKIMI HE3aBUCUMOM
MePEMEHHOM.

2
[pumep. y'+xy = xy
Pemum 510 ypaBHenwe bepHymnm MeTOqOM BapualUdM - ITPOM3BOJIBHOMU
IOCTOSIHHOM.

XZ

y' +xy =0, Y, 1n|y|:—%x2+C, y=Ce 2, C=C(x),
y

1 1 1 1
2 2 2 _1e Lo

1
—Zx x x 2
2 —
y'=Ce? —Cxe? ,Ce? —Cxe? +Cxe? =xCe¢”

YpaBHeHue B OJHbIX Tu(depeHnunanax.

JIroboe nu¢pdepeHanbHOE ypaBHEHHME IE€PBOTO MMOPAIKA, pa3peleHHOe
OTHOCHUTEJIBHO CTapIlIel IPOU3BOIHOM, MOYKHO 3allMCaTh B BUJIE
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Plx, y)dx+Ox, y)dy =0 .
oP 0Q
Ecny  BBINOJIHEHO COOTHOIIGHHE — =——, TO YypaBHEHHE HAa3bIBACTCS
oy Ox
YypasHeHuem 6 NOAHbIX OUphepenyuanax.
[IpuuMHy TAaKOro HA3BaHMA MOHATH Jerko. Ilycts u(x,y)- byHKIMA IBYX
nepeMeHHbIX, AuddepeHnupyeMas ¥ HMEIOIAs HENPEepPhIBHBIC BTOPHIC YaCTHBIC
ou Ou o’'u  Ou
MIPOU3BOIHBIC TIO CBOUM TepeMeHHbIM. Torna du = —dx+—dy, = .
ox oy Ox0y  Oyox

ou ou
Ecim o6o3naunte P=—, Q=—, TO HCXOJHOE YypaBHEHHE MOXKHO
ox oy
3amucaTh B BUJIe TIOJIHOTO nuddepeniinana
oP 00
du = P(x, y)dx + Q(x, y)dy =0 , a COOTHOIIIEHUE ™ = . KaK pa3 U O3Haydaer
y X
o’u  0u
PaBEHCTBO CMEIIAHHBIX MPOU3BOIHBIX = :
ox0y  Oyox

[TosToMy pemuTh ypaBHEHHE B MOJHBIX TUQQepeHrranax — o3HadyaeT HaAWTH
GbyHKIMIO u(x, y) (oHa Ha3bIBaeTcs moTeHIManoMm). Tak kak du =(0 Ha peleHusax

mupdepeHInaibHOr0  ypaBHEHHUs, TO  MOTEHUMan OyldeT NEepBbIM HHTErPajoM
ucxoaHoro audGepeHInaIbHOT0 YpaBHEHUS:

u(x, y) =C
Jlnst pemieHust ypaBHEHUSI B MOJHBIX AuddepeHImaiax MOKHO HCIOJb30BaTh
nBa criocooa.

1) P- Z—” = ulx.y)= [ Pleyldr+2,()+ €,
X

0=2" = ulx.y)= [ Ol Pkiv+2,(x)+ C..
i

31ech HMHTETPUPOBAHME BEJETCA  «YacCTHBIM  00pa3oM»: TOJBKO IO
NIEPEMEHHOM X, CUNTas Y KOHCTAHTOM MIIM TOJIBKO 110 Y, CUUTasi X KOHCTaHTOM.
CpaBuuBas 0o6a Bepaxenus mwis u(x,y), waxomam dynxuwmn z,(y),z,(x) u
KOHCTAHTBI.

Ecinun xakoi-nmu0o M3 MHTErPajoB, HApUMeEP, _[ P(x, y)dx He OepeTcs WM €ro
. ou
BBIYMCIUTE CI0XHO, TO MOKHO Haitu Q = - = u(x, y) = IQ(x, y)dy +z, (x)+ C,.
4

3areM, nuddepeHuupys u(x, y) YaCTHBIM 00pa3zoM M0 X, HaJI0 CPAaBHUTH P(x, y)

C M u onpeneuth Gynkimn z, (), z, (x) 1 KoHCTaHTHI.

ox

2) IloTeHmman MOXXHO ompenenarb mo Qopmyne (oHa OyneT BbIBEACHA W3
HE3aBHUCHUMOCTH KPHUBOJHHEHHOrO WHTErpajia OT MyTH UHTETPUPOBAHUS TO3KE, B 3
ceMecTpe)

. ) = [ Py v+ [ O, v

X0 Yo

IIpumep. (x + y)dx + (x + 2y)dy =0.
PemuM ypaBHeHHE IEPBBIM CIOCOOOM.
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Tak kak 8_P = 6(x+y) =1= 8(x+2y) = G_Q’ TO 3TO — YpPaBHEHHE B TIOJHBIX

oy oy ox ox
muddepeHnuanax.

%:P=x+y:>u=lx2 +xy+zl(y)+Cl,

ox 2

ou )

a—=Q=x+2y:>u:xy+y +zz(x)+C2.

v
CpaBHuBas oba PaBEHCTBA, BUJIUM, 4TO

Zl(y):yz, Zz(x)zéxz, C,=C,=C, mnosromy u(x,y)z%x2+xy+y2+c.

1 .
CooTHolleHHE Exz +xy+y°+C=0 - 9T0 mepBHl WHTErpan 3aJaHHOTO

T depeHnanbHOr0 YypaBHEHUS.

Pemum ypaBHeHHE BTOPBIM CLIOCOOOM.

X y
U(X,y)=dex+J.(x+2y)dy =%x2 +xy+y2 + C. 3necw npuHATO X, =y, =0.
0

0
HNHTerpupyromuii MHOKHUTEJIb.

MoKHO TIOCTaBUThH BOTIPOC, HEMB3sl Ji Jitoboe muddepeHimaipHoe ypaBHEHUE
MIEPBOTO MOPSIJIKa CBECTU K YPaBHEHUIO B MOJHBIX U depeHnmranax?

Oxka3bIBaeTcs, YTO CYLIECTBYET TaKOW ummezpupyrowjuti MHOMCUMEND y(x, y),
YyMHOXasi Ha KOTOpBIM o00e dactu sroboro auddepeHInaIsHoro  ypaBHEHHS,
YIOBJIETBOPSIOLIETO YCIOBUSAM TeopeMbl Koln, MOKHO MPHUBECTH 3TO ypaBHEHHUE K
YpaBHEHUIO B TIOJHBIX quddepeHnanax.

OnHako HEACHO, Kak B OOmeEM cllydae HaWTH 3TOT HWHTETPUPYIOIINI
MHOKHTEJb. SICHO TOJIBKO, YTO OH JIOJIKEH YAOBIETBOPATH YPAaBHEHHUIO

Oulx,)P) _ oulx,7)0)

oy ox
OkaspiBaercs, eciu 1o _op = Fl(x) (sBisieTcss QYHKIMM TOJIBKO OJHOMU
O\ ox oy
MepeMEeHHON X), TO W= ,u(x). Ecamn %(%—Q—%j =F, (y)(}IBJ'ISIeTCSI byHKIMI
X

TOJIBKO OJIHOI NepeMeHHOH Y), To u = ,u(y).

[Tpumep. (x+y2)dx—2)g/dy =0.

1

HOKa)KI/ITe, YTO 31€Ch BBIINNOJIHACTCA MEPBOC YCIIOBUC U ,LI(X) =—-
X

2
Haiigute moTeHmnuan, mokaxuTe, 4To OH paBeH u(x, y) . + 1n|x| +C.
X

Jleknus 13. I'eomerpuyeckasi uHTepnperanus 1ugdepeHnnanbHbIX
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ypaBHeHuii 1 nopsiaka, H30KJAMHbI. Oco0ble TOYKH U 0CO0bIE
peleHus.

PaccmoTpuM uHTerpanbHble KpuBble auddepeHruansHoro ypaBHeHus |
nopsiaka ' = f (x, y). B mo6oit Touke tutockoctH OXY mpaBas 4acTh
mddepeHInanbHOTO YpaBHEHUS H3BECTHA, €€ MOKHO BBIYHCIUTH. [l09TOMY B 11100011
TOYKE IJIOCKOCTHU U3BECTHA U JieBas 4acTh. JIeBast 4acTh, UCXO/ U3 T€OMETPUUYECKOTO
CMbICIIa TIPOM3BOJHOM, 3aJJa€T TAHI'€HC YIJla HAKJIOHA KacaTebHONW K MHTErpajJbHOU
KpHBOM.

CnenoBarenbHO, B 000N TOUYKE IJIOCKOCTU MOXHO OINPEAEIUTh Yoyl HaKJIoOHa
(x ocu OX) kacaTenbHOI K HHTErPAIbHOM KPUBO#i, POXO/ISIICH Yepe3 ATy TOUKY, T.€.
OIIPENICNIUTD HAnpaseHue 6eKmopa KacamenbHol K UHMe2PanlbHOU KPUBOH.

Ecnu B HekoTOpoil 007aCTH TUNIOCKOCTH 3aJjaHa BEKTOP-(QYHKIUS, TO FOBOPST,
4TO OHA 33/1a€T B 9TON 00JIACTH 8eKMOPHOE noe.

[ToaTroMy reomerpuueckuil cmbica JU(PGEpPEeHInaTbHOTO ypaBHEHUSI MEPBOTO
MOPSIJIKa COCTOUT B TOM, 4TO OHO 3ajaeT B oOnactu onpexaenenus G (X, y) dyHkuuu
f(X, y) BexTOpHOE TONIe HampagieHull 8eKMOpPO8 KACAMENIbHbIX K UHMeZPAlbHbIM
Kkpusvim. Ecniu uHTEpIpeTHpoBaTh quddepeHinaibHOoe YypaBHEHNE MEXaHUYECKH, KaK
ckopocTh f(X, Y) ABMXKCHHS TOYKH IO TPACKTOPUU — HHTErPAIbHON KPUBOM, TO
g depeHnnaibHOe YpaBHEHUE 3aJa€T noJie CKOpOCmel.

Hzoxnunamu Ha3piBaroTcs KpuBble B IutockocT OXY, B KaXIOW TOYKe
KOTOpO# yron ¢ HakioHa kK ocu OX KacaTelbHON K WHTETPaTbHOW KPUBOUM OJUH H

TOT K€ (tgqp = k). YpaBHeHHE U30KIUHBL: [ (x, y) =k.

Crpost M30KJIMHBI KaK MOXHO 4Yalle, MOXXHO JOCTaTOYHO TOYHO MOCTPOUTH
UHTErpalbHble KpPUBbIE, HAHOCA Ha KaXJ0H HM30KIMHE COOTBETCTBYIOLIEE el
HaMpaBJI€HHUE BEKTOPA KacaTeJIbHON K MHTErPAIbHON KPUBOM..

Ipumep. y' = X
y

X
VYpaBHEHHUE U30KIUHBI —— = k

Y
k @ VpaBHEHNE H30KIMHBI
0 0 x=0 (ocs QY)
1 z y=-X
4
-1 oz y=X
4
0 T y =0 (oce OX)
2

o 9] 2 2 2
MoxHo IPEAIIOJI0XKUTh, YTO YPABHCHHUEC MHTCTPAIIBHOU KPUBOUM X~ + )y~ = R

(9T0 NerKo MpoBepuTh: 2xdx +2ydy =0, y'= Y = —f).
Yy

dx

Takum o6pa30M, HHTCI'PAJIBHBIC KPUBLIC — OKPYKHOCTU C HCHTPOM B HadaJIC
KOOpAWHAT.
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IonsTHEe 06 0COOBIX TOYKAX M OCOOBIX pelieHUSX AU(PPepeHInaILHOrOo
YPaBHEHHS MEPBOro MOPsIKA.

Touka (X, Y) Ha3bIBaeTcs He 0coboi mouxou nuhHepeHIHaTLHOTO YPaBHEHHS
niepBoro nopsinka y' = f(x, y), eclu cymecTByeT ee OKPECTHOCTB, YTO Yepe3 KakKILyro
TOYKY ITOM OKPECTHOCTHU MPOXOJUT CAMHCTBCHHAA NHTCTpAJIbHAA KpUBas.

Bce npoune TOYKM HA3BIBAIOTCA 0CoObiMuU moukamu TUPPEepeHInaIbHOTo
ypaBHEHHMSI IIEPBOTO TMOpsiaka y' = f (x, y).

Ocobbim pewienuem Ha3bIBACTCS peEIlICHHE, BCe TOYKH (X, Y) KOTOpOro —

0ocoOBIE.
2

Ipumep. y' =3y3

Pemas 10 ypaBHEHHE € pa3leNSIIOIMIMMKCS MEPEMEHHBIMH, MOJYyYMM o0Olee
peuieHue y=(x—C)3 U peuieHue, He NPHUHAMIEXKAIIEe 3TOMY CEMEUCTBY —
TpuBHanbHOE penierne y =0.

Kaxmas Ttouka ocm OX — ocobas, Tak Kak dYepe3 Hee MPOXOAAT Kak
TPUBHAIBHOE PELICHHE, TaK U YACTHOE PELICHUE U3 CEMENCTBA ) = (x - C)3.

y =0 - ocoboe pernieHue.

Ipumep. y' =y
1
3ameTrM, 4TO0 Y’ = \/; > (0. OOmee pemieHue y = Z(x — C)Z, x>C (unHaue

y'<0). Kpome Toro, y =0 - toxe perrenue. y =0 - ocoboe pelieHue.

3aMeTuM, YTO Ha 0cOOOM PELICHUH HE BBIMOJIHIIOTCS ycaoBus TeopeMbl Koy,
rapaHTUpPYIOIIMEe €IUHCTBEHHOCTh. B caMoMm jene, B TOM M JpyroMm IpHUMepax

@ TEpIAT pas3pbiB npu ¥ =0.

YpaBHeHUsi NepBOro TMOPsAJIAKA, He pa3pelieHHbIe OTHOCHTEJIbHO
MPOU3BOJIHOI.

Paccmotpum nBa Tuma ypaBHeHwmit 1) y = f (x, y'), Dx=f (y, y').
Memoo egedenust napamempa.
O6o3naunMm p =y', dy = pdx.

o
po b S dp T o
dx ox Opdx, d« o

op

B cityaae 1) y:f(x,p),

Haiiyiem pemrenue p = ¢(x,C), noacrasnm B y = f(x, p),
nonyaum y = f(x,¢(x,C)) - obmiee pemrenme.
1 o

& _of Fdp dp_p

dy o opdy dy
op

B ciydae 2) x = f(y,p), 1
p

Haiinem pemienune p = ¢(y, C), IOJCTaBUM B X = f(y,p),
MoJIyduM X = f ( ,¢(y, C )) - o0111ee perIeHue.
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Ypasnenue Jlacpanoca. 'y = xgo(p)Jr ¢(p)

Huddepenuupyem:

p=0lp)+ o )+ # )L dplxp(p)+(p) = pi—plplis,
L (x¢'(p)+¢'(p)) - mueiinoe ypapuenue.

dp  p-olp)

OTI)ICKI/IBaeM X = X(p)I/I, IIOACTABJISASA B ypaBHeHI/Ie HarpaHX(a, HaxXoIum
y=x(plo(p)+d(p).

Ipumep. y+xy' =4,/y', y+xp= 4\/_ - ypaBHeH#ue Jlarpamka.

dp 2 dp dp
+p+x—= 2p=— -X
prp dx \/; dx, P= dx \/_
dx L _x . JVMHENHOE YpaBHEHUE 10 X
A plp 2p
PemaeM ero meTosioM MOJACTAaHOBKH

1
X =uv, u'v+uy' =22 - u= ,v=Inp+C,

2p pip’ \/_

1
x=uw=—=(p+C), y= \/—4 Inp-C)
Jp

Ypasnenue Knepo. y =xp+ ¢(p)

VYpaBnenue Jlarpanka npeBpamiaercs B ypaBHeHue Kiepo, ecinu B ypaBHEHHH
Jlarpan»xa MnojoxuTh (p(p) =p.

HMudbdepenuupyem obe gacTu:

dp  dg(p)dp d_p[ﬁmv»j:o.

+Xx )
p=r dx dp dx dx dp

1) Z’_p =0=>p=C,y=Cx+ ¢(C) - o011Ie€e pelIeHue.
X

2) X=—%()=—¢'(p). [loxcraBnsis B ypaBHEHHE, IOJy4UM 0co0oe
p

y=-p#'(p)+4(p)

PCUICHHC {x _ —¢'(p)

Hpuvep. y=xy" (')
p=p+xp'=2pp, plx-2p)=0.
1) p'=0=p=C= y=xC—C’ - obuee penieHne

x=2p x* xr x?
2) , =y =————-=— -0co0oe pelleHHE.
y=xp—p 2 4 4
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Jlekuus 14. {uddepenumanbHble ypaBHeHHs BbICIIUX OPSAKOB.

Huddepenunanbaoe ypaBHeHHE N — OT0 TOPsIIKA B 0OIIEM BUE 3aMHCHIBACTCS
TaK:

F(x, y,y',...y(”))z 0.
HuddepeHnnanbHoe ypaBHEHHE N — Oro MOPSIKa B BHJIE, Pa3peIICHHOM
OTHOCHUTEJILHO CTapUIEH MMPOU3BOAHOM, BBITJISAIAT TAK:

y(") = f(x,y,y'...y("_l)).

Pewenuem muddepeHIMaIbLHOrO ypaBHEHHS N — OTO TOPSIKAa Ha3bIBACTCS
byHKIUSA y(x), oOpamiaromas ero B TOXKAECTBO.

Obwum pewenuem mudPepeHINATBLHOTO ypaBHEHUS N — Oro MopsjiakKa
Ha3bIBAETCA PYHKIUS ) = qo(x, Cl,...Cn) TaKas, 4To

1) npu mob6om Habope koHCcTaHT C,...C, 3Ta QyHKIHS SABISETCS PEIICHHEM,

2) nns naroboro HabOpa HAyalbHBIX YCIOBHHA M3 00JAaCTH CYIIECTBOBaHHS

pelIeHns (xo,yo,y('),..y(()”*l))eG Haiinerca Habop koHcranT C,...C,, mpu

KOTOPOM (PYHKITHST y = (p(x, C, ,...Cn) YAOBIIETBOPSAET 3aJaHHBIM HAYaJIbHBIM

YCIIOBHSIM, T.€. y(xo)z Vo y’(xo)z ve, ...y(")(x0)= y(()n—l)_

3ameTtuM, yTo oOmee peuieHue AU(PepeHInaILHOTO ypaBHEHUS N — Oro

MOPSIZIKA 3asucum pogHo om N KOHCMAHM.

Yacmuoim pewenuem aud@epeHnnanbHOr0 ypaBHEHUS N — Oro mopsjaka
Ha3bIBACTCSA KAKOe-IMOO W3 pEIIeHW, BXOJMMX B oOmiee pemenue (mpu
KOHKPETHOM BBIOOPE KOHCTAHT).

Obwum unmeeparom nuPepeHINATBPHOTO ypaBHEHHS N — Oro Tmopsijaka
Ha3bIBaeTCs (QYHKIIUS <D(x, ¥, Cl,...Cn), COXpAHSIONIAasl CBOM 3HAYCHUS Ha PEIICHUSIX
muddepeHInaTbHOTO YpaBHEHHUS.

Hnmeepanvrou kpusoii Ha3pIBaeTCs rpadMK 4aCTHOTO PEIICHHMS.

Oob1ee penieHne nNpeAcTaBisieT OO0 COBOKYITHOCTh HHTETPAIbHBIX KPUBBIX.

OOBIYHO paccMaTpUBaETCS OJIHA M3 TPEX 3a/1a4:

1) Haiimu obwee pewenue nuddepeHIHaILHOIO YpaBHEHUSA N — OT0 MOPsIKa,

2) 3aoaua Kowu — naiitk yactHOe pemrenue quddepeHIraIbHOr0 ypaBHCHHS
N — Oro MopsiJKa, yIOBIETBOPSIOIICE 33JaHHBIM HAYaJIbHBIM YCIIOBHSIM,

3) Kpaesas 3a0aua — HAWTH YaCTHOE PEILICHHUE, YIAOBICTBOPSIONICE 3aaHHBIM
HayaJIbHBIM YCJIOBHSM, OJIHA YacTh KOTOPHIX 33jJaHa B TOUKE X,, a JApyras
YacTh B TOYKE X, .

Teopema Komm (cywecmeosanusi u eduncmeennocmu pewenus 3aoadu Kowu

0111 muddepeHInaTbHOTO YpaBHEHUS N — OT0 MOpsiAKa y(") =f (x, .. y("_l))).
[lycts dyHkIHS [ (x, V, y’...y(”_')) U €€ YaCTHBIC MMPOU3BOJIHBIC IO TEPEMEHHBIM

’ (n—])
VoV, .y
Torpa nns 060l BHYTpEHHEH TOUKH (xo, yo,,y('],..y((,”_l))eG CYIIECTBYET

) -1
OTIpeJieNieHbl U HEMPEPHIBHBI B HEKOTOPOI 001acTu G(x, ¥, y',..y(" )).

CANHCTBCHHOC PCHICHUC I[I/Iq)q)epeHHI/IaHLHOI‘O YpaBHCHHA, YAOBJIICTBOPAIOMICC 3TUM
’ ' n—1 n—1
HayaJIbHBIM yCIOBUSIM, T.€. y(xo ) =YV (xo ) =Yy ...y( )(xo ) = y(() )

-1
(uepe3 MOOYI0 BHYTPEHHIOK) TOYKY (xo, yo,,y('],..y(()” ))e G mpoxoaut
CIMHCTBCHHASI UHTETPAJIbHAS KPHUBas).
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[Mpumep. Paccmotpum muddepeHimanbHoe ypaBHEHHE BTOPOTO  IMOPSAKA
y"=f(x,y)"). OGmacts cymecTBOBaHMS ¥  EIMHCTBEHHOCTH  pEIICHHS
G eR3(x,y,y’) 3aII0JIHEHA HEIIEPECEKAIOIMMUCS MHTETrPAJIbHBIMUA KpHUBBIMU. Uepes
MO0y TOYKY (xo, yo,,yé)eG IPOXOJUT EAWHCTBCHHAS WHTETpalibHAS KPHUBAs.

OnmHako d4epe3  «TOYKY» (xo,yo)eRz(x,y) IPOXOJUT OECKOHEYHO  MHOIO

HHTCIrpaJIbHbIX KPUBLIX, BCC OHU PA3JINYAIOTCA 3HAYCHUAMU y(; 3aM€TI/IM, 494TO B

R*(x,y,y") «rouxa» (x,.,y,)e R*(x,y) npescraBiser coboii mpamMyio X = Xx,, y = V,.

IHonuxenue nopsiaka 1@ pepeHraTbLHBIX YPABHEHUH.

Mpbl yMeeM aHaTUTHYECKH pEellaTh BCETo MATh TUIOB AU depeHInanIbHbIX
YPAaBHEHUN IIEPBOTO MOPSAKA: C Pa3AeiAOIHUMHUC NEPEMEHHBIMHM, OJHOPOJIHBIE,
nuHeitHble, bepHymnn, B mnonHblx guddepenuuanax. Ilpuuem oxHOpoAHBIE,
JMHEWHbIE WU bepHyuIM TOXKE CBOIATCS K YPaBHEHMSAM C Ppa3AeisIOIUMUC
MI€pEMEHHbBIMHU.

Jlasxe pemuTh ypaBHEHHE BTOPOTO MOPSJIKA, HE TOBOPS YK 00 ypaBHEHUHU N-TO
nopsiika — npobsiema. [loaTromy craparoTcss HOHU3UTH NOPSAIOK AU depeHInatIbHOro
YpaBHEHHUS, €CIIM 3TO BO3MOKHO, YTOOBI CBECTH €r0 K M3BECTHBIM TUIIAM ypaBHEHUI
IIEPBOTO MOPSIIKA.

Ecnu mpaBas yacte nuddepeHunaibHoro ypaBHEHUSI N-TO MOpsiaAKa 3aBUCHT
TOJIBKO OT X, TO HHTErPUPYsl €ro N pa3, MOKHO MOJYyYUTh PEIICHUE.

Y= fx) = [ flad+C, oy =[] f(x)ddx +C, x4+ C

xn—l n—-2
+

y(x):I...J.f(x)dx...dx+Cn_lm Cn_zm+...+Clx+C0.

Ho 310 — oueBuaHbIM ciiyyaii. PaccMOTprUM MeHEe OUE€BUIHBIE CITyYau.
YpaBHeHusi BTOPOro nopsiika, 10MycKaolue MOHNKeHue MopsiaKa.

1) Vpasnenue mne cooepocum seno Yy , ero Bug F (x,y’, y”):O 17071
Y= fxy).

3neck npuMmensiercs moactanoska ' = p(x), y" = p'(x) - esooumcs noeas

dyuxyus y' = p(x) cmapoii nepemennoii. YpaHeHHe CBOIMTCA K yPABHEHHIO

nepsoro mopsiaxa p’ = f(x, p).

IMpumep. Haiitu oOrmiee pemieHune ypaBHeHus »'xIlnx =)' u ero yactHoe
peleHue, yI0BICTBOPSIOIIEE HAYaIbHBIM YCIOBUSIM y(e) =0, y’(e) =1.
dp dx

pxlnx=p, —= , p=C/nx, y=Chx, y=C(xinx-x)+C,
p xhnx
- oOee pelIeHue. Haiinem JacTHOE perieHue.
y'(e):Cllne:Clzl, y(e):elne—eJrC2:e—e+C2:C2:0. YacTtHoe

pemeHre y =xlnx—x.

2) Vpasnenue mne cooepycum sieno X , ero Bug F (y,y', y")zO 17001

v'=f(ry').
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y_dp _dpdy )
= dy ()p(»)

8600umcs Hosas Qpynxkyus y' = p(y) HOB0U nepemeHHOoU. YPaBHEHUE CBOJUTCH K

31ech MPUMEHSETCSl MOJICTAHOBKA ' = p(y),

yYpaBHEHHIO MEPBOro nopsiaka pp’ = f ( , p).

[Ipumep. Haiitu obmiee peuieHue ypaBHEHHS y') =0 u ero yactHoe
pellIeHre, yI0BIETBOPSIONIEE HaYalIbHbIM YCIOBUSAM y( ) ' 1)

wpp'+p* =0
C
JIu6o p=0=>y=C- pewenue, oo yp'+ p=0, ydp=—pdy, p=-—"-,
y

2
ydy = C,dx, y? = C,x + C, - obmiee pemieHue.
Haitgem 4acTHOE peuieHune.
2
y()=c, =1, y(l):l:y?:l+C2 =%:C2 Sy

y? =2x—1- yacTHOe pelieHHeE.

2) OoHopooHoe ypasHenue omHocumensio y,y',y" .
VYpaBHEHHE HA3BIBACTCS OJHOPOIHBIM OTHOCHUTEIBHO V,)’,)", €Clii pu 3aMeHe
yv—ky,y' >k, y" — k)" ypaBHeHue HE U3BMEHUTCS.

31ech MPUMEHSETCS TIOJCTAHOBKa )’ = yz(x).

Ipumep. Haiiti o6mee pemenne ypasrenus xyy" —x(y')* = yy’

yr:yZ, y"=y'Z+Z'y=yZz +Zty, W(yZZ +er)_W222 :yZZ,

x’z'=y’z, y=0-pewenue. xz'=z, @ _ @, z=Cx, y =yCx,
z X

2

dy Cll
—=C,x, y=C,e ? -oOuiee peuicHue.

3) VpaBHeHus, 00¢ 4YaCTH KOTOPBIX SBJISIOTCS MOJHBIMH IPOU3BOIHBIMH
KaKux-JIM00 (yHKITUH.

Tpumep. 3" =(y')".
3anuiueM ypaBHEHHUE B BUJIE y_, =2 , (ln y'), = (ln y)', Iny'=lny+C,

y oy
' dy Cx
y=Cy, —=Cdx, my=Cx+C,, y=Cie ™.
y

CYH_IGCTBYIOT CIIC HCCKOJIBKO CIIY4acB, KOTOPBIC BCTPEYAKOTCS PEIKE U 3ACCh HC
paccMaTpruBarOTCs.
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Jlekuun 15-16. Jluneiinble au¢depeHnuaNbHbIE ypaBHeHHss N —0ro
NOPsA/AKA C IepeMEHHBIMH KO (PHULUHEHTAMH.

JIuneitHoe oonopoonoe nudepeHnnalIbHOe ypaBHEHHE N —Oro IOpsiKa C
[IEPEMEHHBIMHU KO3(pPUIIMEHTaMU MOKET ObITh 3aIIMCAHO B BUJIE

-1 '
a, (" +a, (" ot ()Y +a, (x)y =0
JIuneitHoe HeooHopoonoe muddepeHnnansHOEe ypaBHEHHE N —OTO MOpPSKa C
[IEpEMEHHBIMHU KO3(pPUIIMEHTaMU MOKET ObITh 3aIIMCAHO B BUJIE

ay (x)y(n) +q (x)y(n_]) t..ta,, (x)y' +a, (x)y = f(x)
Ecnu xoadduimenTs! U npasasi 4acTb — HENpPEpbIBHbIE QYHKINM U a, (x) =0,

TO ycJIoBHsI TeopeMbl KOIIM BBITIOJNHEHBI, peuleHuss 0OHOPOOHO20 U HeOOHOPOOHO20
VPasHeHuil cyujecmsyom u eOUHCneeHHbl.
BBeneMm nunelHbIl nuddepeHanbHblil onepatop

n n—1

d d d
L, (p,x) =a, (x)—d ~+a, (x)—'H +..+a,, (x)— +a, (x) =a, (x)p" +..a, (x)p +a, (x)
x dx dx

d
3neck p 0603HayaeT oneparop auddepeHInpPOBaHUS T
X

Torna nunelinoe 00HOpOOHOe ypaBHEHWE MOKHO 3alucaTh B BHJIC Ln( ,x)y =0, a
nunetinoe neoonopoonoe — 6 eude L, (p,x)y = f(x).

Tax xax L, (p,x) JHHEEH, TO

L,(p.x)v, + )= L, (p.x)y + L, (p.x)y,s L,(p,xNAw)= 2L, (p,x)y .
[Tonp3ysiCh TMHEHHOCTHIO OMEPATOPa, JIETKO JI0Ka3aTh meopemvl 0 C8OUCMEax
peweHuii. 00OHOPOOHO20 U HEeOOHOPOOH020 ypasHeHuli (HWXKE OOO3HAYEHO ), -

peleHre 0OJHOPOTHOTO YPABHEHUS, Y, - PELICHNE HEOAHOPOIHOTO YPABHEHNU).

TeopeMbl 0 CBOIiCTBAX pelIeHUIA.

1) cymma unu paznocme pewieHuil 0OHOPOOHO20 YPAGHEHUS eCMb peuleHue
00HOPOOHO20 YPABHEHU,

2) pasHocmb  pewieHuti  HeOOHOPOOHO20 — YPABHEHUs. — eCmb  peudeHue
0OHOPOOHO20 YPABHEHU,

3) cymma peuwenuti 0OHOPOOHO20 U HEOOHOPOOHO20 YPABHEHULL eCMb PEULCHUE
HEOOHOPOOHO20 YPABHEHUSL.

JIOKaXeM 3TH TEOPEMBI.

1) L(yol +y02): Ly, +Ly,, =0
2) L(yH1 _yHZ):LyHI —Ly, :f(x)_f(x):()
3) Ly, +y,)=Ly, +Ly, =0+ /(x)= f(x).

Teopema. Pewienus nunelno20 00HOPOOHO20 YPABHEHUsI C NePeMeHHbIMU
K03 Ppuyuenmamu obpazyrom nuneluHoe npocmpaHcmaeo.

JlokazarenbcTtBo. Tak Kak cymMma JIOOBIX JIBYX PpeIIEHUH OJHOPOIHOTO
YpaBHEHUS U TPOM3BEAEHHE JIOOOT0 pEIIeHUs Ha YHCIO BHOBb €CTh peEIIEeHUS
OJHOPOJHOIO YpPaBHEHHS, TO OIEpallUd CJIOKEHUS M YMHOXEHUS Ha 4YHUCIO Ha
MHO>KECTBE PELICHUH OIpeieNIeHbl KOPPEKTHO (HE BBIBOJSAT 32 MHOKECTBO PELICHUI).

Pemenus o0pa3yloT ajiJUTUBHYIO I'PYIIY MO CIOXeHUIo (abeneB mMoayns). B
caMOM Jiesle, acCOLMaTUBHOCTh M0 CJIOXKEHHI0 oueBHaHA, y =0 (TpuBHANbHOE

pemeHHe) SABJICTCA PCHICHUCM OJHOPOAHOI'O0 YPABHCHUA, I KAXAOTO PCIICHUA
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y(x) IIPOTUBOIOJIOKHOE  pEIIeHHEe  — y(x) TOXKE€  SIBJIIETCS  PELICHUEM.
CnenoBarenbHO, pEIIEHHUS OJHOPOJHOTO YPAaBHEHUS — IpyldHa IO CIIOXKEHHUIO.
AJJMTUBHOCTh  pEIIEHWH  OYEBWAHA, TIOATOMY d3Ta TpyHNa  aJIUTHBHA.
CripaBeisIMBOCTh YETHIPEX AKCMOM M3 BOCbMM IOka3aHa. CyiecTByeT uucio «l»,
Takoe 4ro 1- y(x)- pellieHre, CIpaBeyIiBa acCOLMATUBHOCTh MO YMHOXEHHIO Ha
YUCIIO0 (/1(;0/) = (/”L,u)y). DTO — ABE aKCUOMBI OTHOCHUTEJIBHO OTEepPallui YMHOXKEHUS Ha

YHUCJIIO. HaKOHeH, CIIpaBCAJIMBLI IBC AKCHUOMBI I[I/ICTpI/I6YTI/IBHOCTI/I, CBA3BIBAIOIINC
orncpanuuun CJIOKCHHUA u YMHOXCHHUA Ha YHUCIIO

A +3,)=+ Ay, A+ p)y =+ w.
Wrak, Hanmuio mojHbIA HAO0Op M3 BOCEMH akcuoM. [IpoaymaiiTe ux emie pas
nopoOHee 1oMa.

JInHeliHas 3aBUCUMOCTb M HE3aBUCUMOCTb.

Oyuxmin g, (x), g,(x),...g, (x) HaspBaroTCA MUMEIHO HE3ABUCUMBIMUY, ECTTH
g (x)+ ~Ag, (x) =0=> /4, =0,..4, =0 (momycTMMa TOJBKO TpUBHAJIbHAS

nuHeitHas KoMOuHanMs (YHKUIUH, TOXAECTBEHHO paBHas HyJ0). B oTnmuume ot
JUHEIHOW HEe3aBHCUMOCTH BEKTOPOB 3/1€Chb TOXKJIECTBO JIMHEHHOW KOMOWHAINU
HYJIIO, @ HE PaBEHCTBO. JTO M TMOHITHO, TaK KaK PaBEHCTBO JIMHEWHOW KOMOWHAIIUM
HYJIIO JIOJI’KHO OBITH BBIMIOJIHEHO MpH JIF0OOM 3HAUEHUU apryMEHTa.

OyHKIMKN g, (x), 2, (x),... g, (x) Ha3bIBAIOTCS  JIUHEUHO 3A6UCUMbBIMU, ECIIN

CYIIECTBYET HE HYJIEBON HaOOp KOHCTAHT (HE BCE KOHCTAHThI PaBHBI HYNO) A,,...4, ,

Takoil urto A, g, (x)+...ﬂn g, (x)z 0 (/112 +...ﬂ,n2 #0) (CymecTByeT HETpHUBHATbHAsS
TUHEeWHass KoMOuHAIMs QyHKIUH, TOKIECTBEHHO paBHAs HYIIIO).

Teopema. /[na moeco umoowl (hynkyuu 611U TUHENIHO 3A8UCUMbBL, HEOOXOOUMO U
00Ccmamo4to, Ymoobvl Kakasa-1ubo u3 HUX JUHEUHO GbIPAXCAIACL, Yepe3 OCMAbHble
(npedcmasnanace 8 suoe ux TUHeHOU KOMOUHayuu).

JIOKaXXUTE 3Ty TEOpeMy CaMOCTOSITEIbHO, OHAa JOKa3bIBAeTCS TaK JKe€, Kak
aHAJIOTHUYHAS €l TeopeMa O JIMHEHHOH 3aBHCHMOCTH BEKTOPOB.

Onpeneanrtennb Bponckoro.

Onpepenurens Bponckoro s ¢yHkuuih v, »,,...», BBOIUTCA Kak

OTIPENICIIUTEINb, CTOJOLUAMU KOTOPOTO SIBJISIFOTCS MPOU3BOIHBIC ATUX (YHKIUH OT
HyneBoro (camu pyHkiuun) a0 N-1 ro nopsaka.
by Yaur Yy

' ' '

M Yawr

CER A
Teopema. Eciu ¢pynxyuu y, (x), V) (x),... Vo (x) JIUHENHO 3a6UCUMDbL, O W(x) =0
JloxasatenbcTo. Tak kak (ymkman y,(x), v, (x),...y, (x) nmmeiino 3aBucumsr,

TO KaKas-JIM0O U3 HUX JMHEHHO BBIPAKAECTCs Yepe3 OCTaIbHbIE, HAIPUMED,
y(x)= 4,3, (x)+..4, v, (x). Toxaecto MoxkHO MU dePeHIUPOBATE, TIOITOMY
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yl(k)(x) =4, yz(k) (x)+.., yn(k)(x), k=1,23..(n—1). Torna mepsslii cronGer
ompezenutens BpoHCKOro JIMHEHHO BbIpaXKaeTCs 4Yepe3 OCTAIbHBIE CTONOLBL,
HI03TOMY OIIpe/ieIuTeNb BPOHCKOr0O TOXK/IECTBEHHO PaBEH HYJIIO.

Teopema. [1ns mozco, umobvbl pewienuss JIUHEUHO20  OOHOPOOHO20
ouppepenyuanvnozo  ypaguenus N-020 NOpaoKka ObLIU  JUHEUHO  3A8UCUMBL,

Heo6x00umo u docmamouro, umobwr W(x)=0.

Hoxka3zatenbctBo. Heo0X01MMOCTh clleAyeT U3 IpeablayIIei TEOpEMBI.

JlocTatogHOCTh. 3aUKCUpyeM HEKOTOPYIO TOYKY X,. Tak Kak W(xo): 0, To
CTOJIOLIBI OTIPENICITUTENS, BEIYMCICHHBIE B 3TON TOYKE, IPEACTABISIOT COOOH JTMHEHHO
3aBHCUMBIE BEKTOPBI.

3k, C,,..C, #0,...C , 4TO BBIIOJIHEHbI COOTHOLICHHSI

Cy, (xo)"'---"' Cii (xo)"'---"' Gy, (xo): 0

! ’ !
Clyl (x0)+"'+Ckyk (x0)+"'+Cnyn (XO):O
(n—l) (n—l) (n-1)
Cy (x0)+...+ C. (x0)+...+Cny” (xo)z 0.
Tak kak nuHelHas KOMOMHAIMS pPelIeHUH JIMHEHHOTO OJTHOPOJHOTO YpaBHEHUS
SIBJISIETCS €T0 PEIIEHUEM, TO MOKHO BBECTH PEILIEHUE BHU/IA
y(x)=Cy,(x)+...+Cy, (x)+...+C,y,(x) - JIMHEHHYI0 KOMOHMHAIHIO

pelIeHuii ¢ TeMu ke ko3 uirentamu.
amertllIm
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4TO IIPU X = X, TO PELIECHUE YAOBIETBOPAET HYJIEBBIM HA4aJIbHBIM YCIIOBHAM, 3TO
ClIeyeT M3 BBIIMCAHHOW BBINIE CUCTEMBbl ypaBHeHHMH. Ho TpuBmampHOE pelieHue
JIMHEWHOI'O OJHOPOJHOIO YpPAaBHEHMS  TOXKE YIOBIETBOPSET TEM K€ HYJIEBBIM
HayaJlbHBIM ycioBUAM. Iloatomy wm3 Teopemsl Kommu cienyer, 4To BBEIEHHOE
penieHue TOKAECTBEHHO PaBHO TPUBHAIBHOMY, CIIEA0BATENbHO,

y(x)E Clyl(x)+...+ Ckyk(x)+...+ Cy, (x)E 0, C, #0,
MOATOMY PEIICHUS] JIMHEWHO 3aBUCUMBI.

CaencrBue. Eciu onpedenumens Bponckozo, nocmpoeHnHull HA peuileHusx
JIUHEUH020 0OHOPOOHO20 YPAGHEHUs, 00pawaemcs 6 Hyib Xoms 0bl 8 0OHOU MOoUKe,
MO OH MOANCOECMBEHHO PABEH HYTIO.

Hoxkazarensctso. Ecnn W(xo):O, TO pEIIEHUs JIMHEWHO 3aBUCHMBI,

cresoBatensHo, W(x)=0.

Teopema. [. /{na juuetinoli 3a8UCUMOCMU  peuleHUll HeoOX00uUMo U
oocmamouno W(x)=0 (wm W(x,)=0).

2. /lna nunenHou He3a8ucUMOCmu peulenull HeoOXo00umMo U O00CMAmMOYHO
W(x,)#0.

Hoxka3zarenbctBo. IlepBoe yTBepKIE€HHE CIEAyeT U3 JOKA3aHHOW BBIIIE
TEOPEMBI U cJeIcTBUA. BTopoe yTBepKaeHne Jerko J0Ka3bIBAeTCsl OT MPOTUBHOTO.

[IycTs pemenus auHeRHO He3aBUCUMBL. Ecinun W(xo ) =0, To penieHus: TNHEHHO

3aBucuMbl. IIpotuBopeune. CrnenoBarensHo, W(xo ) #0 Vx,.
ITycTs W(x0 ) #0. Ecmm penieHns JHMHENHO 3aBUCUMBI, TO W(x) =0,

CJI€0BATEIBHO, W(xo): 0, nporuBopeune. IlodTomMy pemieHuss JHMHEHHO
HE3aBHCHUMBI.

CaencrBue. Oopawenue onpederumensi Bponckoeo 6 nyno xoms 6vl 6 00HOU
mouke A8ademcs Kpumepuem JUHEUHOU 3A6UCUMOCMU  peueHUll  JTUHEUHO20
0OHOPOOHO20 YPABHEHUL.

Omauuue onpedenumens Bponckoco om myns sensemcs kpumepuem TUHEUHOU
He3a8UCUMOCMU peuleHUl] TUHENH020 0OHOPOOHO20 YPABHEHUSL.

Teopema. Pazmeprocms npocmpancmea peuleHuil JUHetH020 00OHOPOOHO20
ypasneHusi N-020 nopsoka pasua N.

Jloka3aTenbCTBO.

1. Tlokaxem, 4TO CYIIECTBYIOT N JUHEHHO HE3aBUCUMBIX PEUICHHUI JIMHEHHOTO
OJIHOpOAHOTO AU epeHIInaIbHOTO YpaBHEHHsI N-T0 mopsiika. PaccMoTpum
peleHus y, (x), Y, (x),...yn (x), yIIOBJIETBOPSIOLIUE CIEIYIONIUM HaYaIbHBIM

YCIIOBUSIM:
N1 (xo): 1, yz(xo): 0,...y, (xo): 0,

N (xo): 0, y, (xo): L.y, (xo): 0,
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Takue pemienus cymecTByor. B camom nene, no teopeme Komu uepe3 Touxky
! "

Xo>Yo. Yo » Vo »eer y,(]”l) IPOXOJUT €IUHCTBEHHAs MHTErpajbHasi KpuBas —

peenue. Yepes TOUKy (xo, 1,0,0, O) IIPOXOJIUT PEUICHUE ), (x), 4yepe3 TOUKY

(xO,O, 1, O,...O) - peuieHue yz(x), 4yepe3 TOUKY (xO,O, 0, 0,...1) - pelieHue

y,(x).

1 0.. 0
OTu peleHus JIMHEHHO HEe3aBUCUMBI, TaK Kak W(x) =0 1.. 0 =1=#0.
0 0.. 1

2. TlokaxeM, 4YTOo J1000€ pEIICHWE JIMHCWHOTO OJHOPOJHOTO YypaBHEHUS
JUHENHO BBIPAXKAETCSl uepe3 JTU pelleHus (ABISeTCs MX JIMHEHHOH
KOMOMHAIIHEH).

PaccmoTpum nBa pemenus. OAHO - TNPOU3BOJIBHOE PpELICHHE y(x) c

’
-1
HavyaJIbHbIMH YCIIOBUSIMU (xo, Vo> Vo e yo(" )). CrpaBeUIMBO COOTHOLIEHUE

y(x ):Clyl(x0)+Czyz(x0)+...+Cnyn(x0)
y,(xo):CIyl (x0)+C2y2 (x0)+"'+cnyn (‘x0)

Ci=2,C =y .C :.Vo(n_l)-

n
Bropoe pemienne — 310 auHelHass KOMOUHALMS pelieHuil ), (x),...y” (x) C TeMU
xe koddpdurmentamu y(x)= C,y, (x)+...+ C,y, (x).

Bbruncnss HavanbHbIE YCIOBHS B TOUKE X, Ul PELICHMS j(x), yoexiaemcs,
YTO OHM COBHAJAIOT C HAYaJIbHBIMU YCIOBHSMHU JJISI pELICHUS y(x).
CnenoBatenbHo, 10 TeopeMe Koln, MOpou3BOJIBLHOE pELICHHUE y(x)
MIPE/ICTaBJIsIeTCs] B BHJE JIMHEHHON KOMOWHAIMM JMHEHHO HE3aBUCUMBIX
pewennii y, (x)....», (x) (¥(x)=y(x)).

Takum, oOpa3oM, CylIecTByeT N JUHEHHO HE3aBUCHMBIX PEIICHHHA JTMHEHHOTO
onHopoaHoro  muddepeHInaTbHOr0  ypaBHEHHs  N-0ro  mopsiaka, W

MIPOU3BOJILHOE PEIlIeHHE JIMHEWHO BBhIpaXkaeTcsl uepe3 AT pemieHus . [loatomy
pa3MepHOCTh MIPOCTPAHCTBA peleHui JUHEHHOTO OJIHOPOJIHOTO

g depeHnaIbHOro ypaBHEeHUs N-0ro MopsIka pasHa n. (dim[ = n) :

JIroObie N JUHEWHO HE3aBHCUMBIX PEUICHUH JMHEWHOTO OJHOPOHOTO
muddepeHInaibHOr0  ypaBHEHUST N-0ro  TOpsAIKa MPEACTaBISAIOT co0oil  bazuc
npocmpancmea peuienuti NI (PyHIaMeHTAJIbHYI0 CUCTeMY PelIeHui.

TeopeMa 0 cTpyKTYype 00111ero pelnieHnsi O JHOPOHOT0 YPABHEHMUSI.

Obwee peuienue JUHENHO20 OOHOPOOHO2O YPABHEHUs eCcmb  JIUHelHAs.
KOMOUHayus pewieHuti pyHOaMeHmanibHOU CUCEMbI.

yoo(x): Gy, (x)"'---"' C.y, (x)

I[OKEB&TCJ'ILCTBO. HOK&)KCM, YTO JIMHEMHas KOMGI/IHaLII/IH
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Voo (x) =Cy (x) +.+C,y, (x) ABJAETCA OOLIMM pelleHusM (yIOBJIETBOPSET

IIyHKTaM OIIPEJIEeJIEHHUs OOLIEro peleHusl)
1. yoo(x) - pelleHue JMHEMHOrO0 OJHOPOJHOIO YPaBHEHUS KaK JIMHEWHAas
KOMOMHAITUS PEIICHHH.
2. 3agaguM TPOU3BOJIbHBIC HAYaJIbHBIE YCIOBHS ), yO',...yO("_]), MOKaXeM,
4TO0 MOXHO MnopoOparb koHcTaHtel C,,..C, Takue, 4YTO yoo(x)

YIIOBJICTBOPSICT 3TUM HAYATLHBIM YCIIOBUSIM.
yoo(xo): Cn (xo)"‘--- +C,, (xo): Yo

Yoo (xo):C1J’1 (x0)+"'+cnyn (xo):yo .
Yoo (xo):C1y1 (x0)+"'+cnyn (xo)ZJ/o .

— ) _
(xo ) =Y

OT0 — cucTeMa JIMHEHHBIX aireOpandyeckux YpaBHEHUH OTHOCHUTEIBHO

koHCTaHT C,,...C, . OnpenenuTens 3TOW CUCTEMBI — ONpeNenTeNs BpoHckoro.

(1)

OH He paBeH HyJIO, Tak Kak pemrenus y,(x),..y,(x) nmHeiiHo He3aBHCHMBL.
IToatomy koHCTaHTBI C,,...C, ONpenensroTcs U3 TOW CUCTEMBI 110 Ha4aIbHBIM

YCIIOBHAM — IIPABbIM 4aCTAM CUCTEMBI €ITMHCTBECHHBIM 06pa30M.
CnenosarensHo, y,, (x) =Cy (x) +.+C,y, (x) - o01miee penieHue.

3ameuanue. Onpenenurens BpoHckoro (kak BCAKHH — OTPENETUTEIND)
MPEACTABISIET COO0W OPUESHTUPOBAHHBIA N — MEPHBINA 00HEM, HATSAHYTHIH Ha BEKTOPBI
pemieHuit HyHIaMEHTAILHONW CUCTEMBI PEIICHU.

®opmyaa Ocrporpaackoro — JinyBuiuis.

PaccmoTpuM nuHeHOE 0JHOPOTHOE ypaBHEHUE
(o) +a () (x)y"+a,(x)y=0
a,x)y +ax)y" +...+a, x)y'+a,l x)y=0.
Onpenenurens BpoHCKOro MOXKHO BBIYUCIUTE 10 Gpopmyne Ocmpozpadckozo —
Jluysunns

al(x)dx

W(x) =Ce I‘“(x)

BriBog popmyier Octporpaackoro — JInyBuiis.
N3BecTtHa popmyna i mpoU3BOIHOM ONpeIeTUTENs

au(x) alZ(x) aln(x) alll alzl... aln' Ay 4y,

iaZI(x) azz(x) aZn(x _|aa e |, Ay Gy Oy,
o '

! ! ’

anl(x) anZ(‘x) ann(‘x anl anZ"' ann anl an2 ann
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Vi Ve Vul| |y oy
avix)_dlyv v v |_|»n »m o

Brruucium = +..+
dx dx ..
yl(nfl) gnfl) y(nfl) yl(n—l) ygn—l) y’(lnfl)
Vi Yo D . I
i Y
+ yl y2 yn = e e see =
S S B T O B LA ey 4
B e s (e
yl yn
M1 Yn a
N )
a
a e a e 0
e s RSICD
0 0
() a() o T
) W(x)—Ce
w(x)  a,(x)

3ameuanue. B dopmyne Octporpanackoro — JIMyBWIIS y49acTBYIOT TOJBKO
K03 GUIIMEHTHI TPU IBYX CTAPIINX IPOU3BOTHBIX.

PaccMoTpuMm 4acTHBIN ciiyyall ypaBHeHHsI BTOPOTO NMOPSAKA.

a, (x)y” +a, (x)y' +a, (x)y =0. 3necy hopmyny Octporpaackoro — JlmyBusis
MOJKHO BbIBECTH Ipole. PaccmoTpum y, (x), Y, (x) - IBA YaCTHBIX PELICHUS

ay (X)) +a, (] +a,(x)y, =0, ay ()] +a,(x)v; +ay(x)y, =0. Ymmoxnm
IIepBOE YpaBHEHHE Ha ), , @ BTOPOE HA ¥, U BBIYTEM IIEPBOE ypaBHEHUE U3 BTOPOTO.

ao(xxyﬂz — o )+a1(x(y1y2 — Yo jZO.

Tak kak W(x)=

"

Y
Y )

= 1s = Vavis 10 W(x)= 3,3, + 3,Ys — iy — a0,

= Vs =W
Teneph ypaBHeHHEe MOXHO mepemucath B Buae  d,(x)W'(x)+a,(x)#(x)=0.

Pemas 310 ypaBHeHHE ¢ pa3feNsAIOMIMMUCA TEPEMEHHBIMH, MOIydaeM (OpMyIy
7..‘ “1(x)dx
Octporpazackoro — JInyBumis W(x) — Ce @)

dDopmy.Jia 1l NOCTPOECHHS BTOPOI0 YaCTHOI'O PellIeHUs 110 U3BECTHOMY
(mocTpoenue GyHIaAMEHTAJIbHONH CHCTEMBbI).

al(x)d

= 3,7, — vy, = Ce ")

Y
Y )

Pasjienum o6e yacTu ypaBHenus Ha p;(x)# 0
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Vs = ) {&] B U I
2 2
M Wi Wi
1 7.[ 4 (x)dx
Otcrona X2 _ I C—e a0(x) dx+C,. Ham Ha0 HaliTH 4acTHOE PELICHHUE,
Wi Wi

al(x)
1 - dx
nostomy Beioepem C=1, C 1=0, nonyuum y, = y].[—ze I“"(X) dx.

1
Teopema o cTpyKTYpe 00111eT0 perieHus1 HeOHOPOIHOT0 YPABHEHH .

Obwee pewrenue TUHEUHO20 HEOOHOPOOHO20 YPABHEHUSL €CTb CYMMA YACTHO20
peuleHus TUHeliH020 HeOOHOPOOHO20 VPABHEHUsl U 00we20 peuieHus 0OHOPOOHO20
VPaBHeHUs.

Yould) = 3, (6)+ 3, (x).

HoxkazarenbctBo. Ilokaxem, 4to y,, (x): Ve (x)+ Voo (x) - obmee pemeHne
HEOJIHOPOJTHOTO yPaBHEHHMS.
1.y, (x)=y,(x)+y,(x) - pemenne HeoaHOPOTHOTO ypaBHEHHS KaK CyMMa

pelIeHni OJHOPOJHOTO M HEOJHOPOJHOTO YpaBHEHUH (TEopembl O
CBOMCTBaxX peleHui).

!
-1
2. 3aganmuM TPOW3BOJBHBIE HAdajbHBIE YCIOBHS Xos VooVo ,...yo(" )

Beranciaum Ha4YaJIbHBIC YCJIOBUSA JIA BBI6paHHOl"O YaCTHOro pPEIuCHUA

HEOJHOpOAHOTO  ypaBHerms Y, (x, ), yw'(xo ),...yqn(m_])(x ). Honyunm

CUCTeMY JIMHEWHBIX ainreOpanyecKux ypaBHEHUH [UId OMNpeleNeHUs
KOHCTaHT:

yoo(x()): Clyl(x0)+"'+cnyn(x0):yO _qu(XO)'

! ’

yoo (XO):Clyl (x0)+"'+cnyn (XO):yO _ylm ('XO)'

” " ” ” ”
Voo (xo): Gy (x0)+---+ C., (xo): Yo =V (xo)-
yoo(n_l)(xo ) = C1y1(n_l)(x0 ) ot Cnyn(n_l)(xo ) = yo(n_l) VY ",
Omnpenenurenb 3TOM CUCTEMBI — OTIpeieuTeNb Bporckoro. OH He paBeH HYIIIO,

TaK KakK peIICHUS ), (x),... v, (x) JIMHEHHO He3aBUCUMBI. [103TOMY KOHCTAaHTBI
C,,...C, ompemenstorcss U3 OTOW CUCTEMbI M0 HAYaIbHBIM YCJIOBUSIM — IPaBbIM
YaCcTsIM CUCTEMbI SAMHCTBECHHBIM 00pa3zoM. CleoBaTesibHO, ¥, (x) =Y., (x)+ Voo (x) -
o0liee pereHne HeoJHOPOTHOTO YPAaBHEHHS.

Meron  BapuauMu  NPOM3BOJBLHOM  NMOCTOAHHOM  JUId  JIMHEHHOIO
HEOJIHOPOJAHOTO T depeHnnaIbHOro YpaBHEHUSA n-oro HopsiIKa.

Y ta eV +a, () a, (y = f(x). (0 ==Ly + ().
3neck 0003HaueHo L = g, (x)y(”’l) +..+a, (x)y +a,(x)y, samernm, ecmu y -

()

pELIeHNEe OTHOPOJAHOTO YpaBHEHUS, TO V' =—Ly.
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3ameTnM, BCerja, MPUMEHsSE METOJI BapHalllK, HAJI0 NEIUTh Ha Kod(hdUuimueHt
[IpU CTApIIEH MPOU3BOJHOM, T.€. IPUBOAUTH YPABHEHHUE.

IlycTs HalIeHO peleHne OJTHOPOJHOTO YPaBHEHUS

yoo(x) = Clyl (‘x)+ et Cnyn (x)
BapBI/IpyeM HpOI/I3BOHI)HI)Ie IIOCTOSHHBIC, HIIEM peHIeHI/Ie HGOIIHOpOIIHOFO

YpaBHEHUs B BUJIE

Youl)=C, )y () + ..+ C, (x)y, ().

HuddepeHunpyem 3T0 COOTHOIICHUE

Vou (1) =C; () () .+ C, (x)y, (x)+ C () () +..+ C, (), (x).
[ToTpebyem, 4T0ObI

¢, (), (x)+ ..+ C, (), (x)=0.,

toraa v, (x)=C () (x)+...+ C, (x)y, (x).

Hudbdepenuupyem eme pas

Vo (¥)=C (e ()4 C, (1), () + C i (x)+..C,

[ToTpeGyem, 4TOObI

C, (), (¥)+..+C, (x)y, (x)=0.,

torma v, (x)=C () (x)+...+C,(x)y, (x).

BroBb muddepeHnmpyemM u T.1., B pe3yibrare, nocie N-2 quddepeHmpoBanus
MOJIy4UM

C, (x)yl("_z)(x)+...+ C, (x) n("_z)(x): 0.

Yo" ) = C )+ C, (e ().
Judbdepenuupyem u moacTaBiIsieMm

yon(n)('x) = Clyl(n) +..t Cn.y(n) + Cl (x)yl(n_l)(x)-’_ et Cn (x)yn(n_l) (X) '

n

B HEO/IHOPOHOE YPAaBHCHHE (y" ) =—Ly+ f (x)
Clyl(n) +o.t Cny;(qn)"' o (x)yl(n_l)(x)"' ..+C, (x)yn(n_l)(x): _L(C1y1 +..C.y, ) + f(x)

Tak Kak Visewrs V= pelieHus OJHOPOJTHOTO YpaBHCHMA, TO
yIEn) — _Lyk = O,k = 1,...” .
[Momy4anm Cl'yl(”‘l) +...+C,;y,(1"_l) :f(x).

OT0 — TMoclieJHee YpaBHEHHE CHUCTEMbl Uil OMNpeIeNieHUsT BapbUPOBAHHBIX
koHcTaHT. CobGepeM Bce ypaBHEHUS B cucmemy O0Jist Onpeoeienuss KOHCIMAaHm.

¢ ()4t C (). (x)=0.,
¢ (O, () +..+C, (<), ()=0.,

(1) C )
Cy/" 7 +..+C p —f(x).
Taxk kak onpenenuTens CUCTEMbI — ONIpeAeTUTeNs BpoHCKOTO, HE paBHBIN HYIIO
B CHITY JIMHEWHON HE3aBUCUMOCTH pelIeHUi, TO byHKIIH

C,(x),...C, (x) ompeensioTcst U3 9TOM CHCTEMBI OTHO3HAYHO.
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TeHepL 06]].[33 pemieHue HCOAHOPOAHOI'0 YpPaBHCHHUA ONPCACIIACTCA 110
(bOpMy‘He yOH (x) = Cl (x)yl (‘x) .t Cn (x)yn (x) '

Jlekuuu  17-18.  Jluneiinble aud¢epeHuHalbHble  YpaBHEHHS C
NOCTOSTHHBIMH KO3 PHUIMEHTAMH.

Haunem n3ydeHue JIMHEHHBIX TUPGEpeHINATBHBIX YPABHEHUH C TIOCTOSTHHBIMU
KOO UITUEHTAMHU C 00HOPOOHBIX VPABHEHUUl 6MOpo20 nopsioka. JIeno B ToM, 4TO B
MPUOJIMKEHHBIX WH)KCHEPHBIX pacyeTax, B MHKEHEPHOU MpPaKTHUKE, B UCCIIEIOBAHUN
MPOIIECCOB U CHUCTEM BCE YaCTO CTPOUTCS HA aHAJIN3€ CHUCTEM, MOJIEISIMU KOTOPBIX
cyxaT  JuHEeHHble  auddepeHIraNbHble  YpaBHEHHUS € TMOCTOSTHHBIMH
Kod(duimeHTaMu MEpPBOro M BTOPOro mopsiaka. BcrmomHuM, Hampumep, 4TO BCs
MEXaHUKa CTPOUTCS Ha BTOPOM 3akoHe HbIOTOHA, KOTOPHIH MOYKHO 3amucaTh B BUJC
muddepeHInanbHOT0  ypaBHEHHsI BTOporo rmnopsiaka. (OCHOBHBIE DJIEMEHTApHBIC
(GYHKIIUM  ABJISIFOTCS  PEHICHUSIMA yPaBHEHUH TIEPBOTO M BTOPOTO TOPSJIKOB.
DKCIIOHEHTA SBJIIETCS PEIIEHUEM YPaBHEHMsI X = ax, SInX,cCoSX,shx,chx - perieHus
ypaBHeHUs X tx=0.

PaccMoTpuM JinHeliHOe omHOpoAHOe AupdepeHUHATBLHOE YpPaBHeHHE C
NOCTOSTHHBIMH KO3()QHUIHMEHTAMH BTOPOIr0 MOPSAKA

Y'+py'+qy=0.

Byzem wuckath ero pemeHme B Buae y=e°. Iloactamss y B
muddepeHnnanbHOe ypaBHEHHE, TIOTYyIUM

e™ (k2 + pk + q)= 0.Tax kak e™ # 0, To MeeM

k> + pk+q=0 - xapaxmepucmuueckoe ypaenenue. Pemas ero, Hoxydum
KOpHU

Bo3mMoskHO Tpu cityyast:
1) k,,k, Oelicmeumenvrbl u paziuunoi,
2) k, =a+if, k, =a—if} - KomniekcHo conpsdiceHHbie KOPHU,

3) k, =k, - OeiicmeumenvHbill Kpamuwiii KOpeHb.

B cnyuae deticmeumensHulx, pasnuunvlx KopHeli TOIy4aeM pelieHus

k k
y=e", y,=e"".

s Toro, 4toObl MOKa3aTh, YTO PELIECHHS COCTaBIAIOT (yHIaMEHTAIbHYIO
CUCTEMY PEUICHUI U 00wee peuterue 3anucbl8aemcs 8 8uoe

k ks
v,, =Ce™ +C.e™,

HaIo IMPOBCPHUTH J'II/IHeI\/’IHy}O HE3aBUCUMOCTb V), V,. CocraBuM ONpCACIINTECIIb

BpoHckoro
DA S " e (ki +hs )x 11 (K +k )x
W=, "TI=| . L =e =(k1—k2)e‘ 2" # 0, Tak KaK
Vi ke™ k,e™ k. k,
k, #k,.
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3amMeTuM, 4YTO JUId YpPaBHEHHS BTOPOrO TMOpPSAJKA IPOBEPATH JIMHEHHYIO

HE3aBUCUMOCTb MOHO Tpoie. Hago nokasate, 4ro e const . Toraa cTonOIbI
Y2
onpenenurenss BpoHckoro ismHenHHO He3aBucumbl U W = (0. B Hamem ciydae

ki, =a+if, k,=a—iff npu k, #k,.

B cinyuae xomnnexcno conpsoicennvix  xopueu k =a+if, k, =a—if,
npuMensis  Qopmyny  Diiepa e =cosz+isinz, HOIYdHM  KOMILUIEKCHO
CONPSDKEHHBIC peIleHus ), =e™ (cos P +isin ,Hx), v, =e” (cos [x —isin ﬂx) Tax
KaK JIMHEWHAas KOMOWHAIUsl PEIICHHH JIMHEWMHOTO OJIHOPOJHOTO YPAaBHEHHS TOXKE

1, 1 .
ABJAETCSA pEIIeHUueM, T0 ), = E(y1 +3,)=e™cos fix, y, = 2—1.()/1 —y,)=e"sin fix

SBJIIOTCS perieHusiMu. OHU TMHEHHO HEe3aBHCHMBI, TaK KaK N ctgfx #0.
Y2
Cnedosamenvho, obujee peuieHue TUHEUH020 OUdhepeHyuaIbHo20 YPagHeHus ¢
NOCMOSHHBIMU KOI(PuyueHmamu 6 ciyuae KOMIIEKCHbIX KOPHell MONCHO 3aNUCamb

no gopmyne
y,, =e™(C, cos fx + C, sin fix).

B cnyuae kpamnozo oeticmeumenvrnozo kopus k, =k, =k onHO U3 pemeHui
MO3KHO BBIOpaTh B popme y, = e™.

Bropoe pemenune Oynem BbIOMpaTh B BHIE ), = u(x)ek" . IloacraBum B
muddepeHnanTbHOe ypaBHEHHE, YTOOBI OTIPEICTUTh u(x)

v, =u'e™ + kue® = ™ (u' + ku),

y; =k (u” +hku'+ku' + kzu) =er (u” +2ku' + kzu),

e™ (u" +2ku’ + k*u + p(u' + ku)+ qu) =e" (u” + u’(p + 2k)+ u(k2 + pk + q))z 0

Tak Kak k - KOpeHb XapaKTEPUCTUUECKOTO ypaBHeHus, T0 k° + pk+¢g =0. Tak
Kak k elle U KpaTHbIM KOpeHb, TO IO Teopeme Buera k +k, =k+k=2k=—p.
[Toatomy p+2k=0. [Ins onpenenenus u(x) umeeM ypaBHeHue u" =0, oTcroma
u(x)=ax+b.Beibepem a=1,b=0, nomyanm u(x)= x.

CnenoBarensHo, y, =u(x)e"’C =xe™. Pemenus y,,y, MHEHHO HE3aBUCHMBL,

TaK KaK 22 = x #m.
N
[loatoMy obwee pewenue nuHelino2o Oug@eperyuarbHoco yYpasHeHus ¢
NOCMOSIHHBIMU KO huyuenmamu 8 ciyuae KpamHo20 KOPHs MOJICHO 3aNUCAmb NO

Gopmyne

yoo = ekx (Cl + C2x)'

IIpumepsl.
1)y"—y=0,k>-1=0, k,=%l,y =e",y,=e", y,=Ce" +C,e™”
2)y" =5y +6y=0, k*-5k+6=0,k =2,k, =3, y, =Ce” +C,e”

3)y"'+y=0, k?+1=0,k, =i, y, =cosx, y, =sinx, y,, =C, cosx+C,sinx
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4)y"+2y"+5y=0, k*+2k+5=0,k,=-1£2i,y, =€ *cos2x, y, =e *sin2x,
y,, =e " (C, cos2x + C, sin2x).

X

5)y"+2y' +y=0, k*+2k+1=0, k,=-Ly =e",y,=xe",
yoo = eix (Cl +C2x)'

PaccmorpumM Teneps uHelHOe 0JHOPOAHOE U PepeHIIHAIbHOEe YPaBHEHHE
7 - IO MOPAJAKA C NOCTOSAHHBIMH KO3(PPHUUHEHTAMH.
() (n=1)
y

Byznem mckath ero pemrenue B Buae y = e . JuddepeHnupys u moAcTapiss B
middepeHnnanbHOe ypaBHEHHE, TIOIYIUM XAPAKMEPUCMULECKOE YPABHEHUE
K" +ak" +..+a_k+a.

+a,y"+..+a,,y +a,y=0.

KaxxnoMy KOpHIO XapaKTepUCTHYECKOTO YpaBHEHHs Oy/leT COOTBETCTBOBATH
OIIPENICIEHHOE CI1araéMoe B 00ILEM PELIeHNH OJHOPOAHOTO ypaBHeHus. Ecinu kopeHb
KpaTHBIA KpPaTHOCTU [, TO TakOMy KOpHIO OyAeT COOTBETCTBOBaTh Ipymnma u3 [
cllaraeMbIX B OOIIIEM pelleHUH .

Ecim cpeau KopHeHW XapaKTEpUCTHUYECKOTO YpPaBHEHHSI ecmb Nnpocmoll

o o k
71 ="
oeticmeumenbHulll KopeHsb k;, TO eMy COOTBETCTBYET YaCTHOE PELICHHE " B
) < ki x
(byHIaMeHTaJIbHOM cucTeMe pemieHuil u ciaraemoe C,.e""B y, .
Ecnu 6ce xopnu xapakmepucmuuecxkoeo ypaeuenus k,,...k, Oelicmeumenvusl u
1> n
pasziuunebl, TO COOTBETCTBYIOIIME WM YaCTHBIC peIIeHHuss OyayT paBHBI
k; k, o
y,=e",...y, =e"". Ilokaxem, 4TO 3TH pELICHUs JMHEHHO He3aBUCHMBI. COCTaBUM
onpenenuTens BpoHckoro

et e e 1 | R
kyx kyx k,x
ke" k,e™ ... ke ko k, .k
W(x) — 1 2 n — e(k1+...+kn )x nol_
n-1 _kx n—=1 _kyx n-1_k,x n-1 n—1 n—1
k' e™ k)7e™ .. ke k' k3T ..k,

btk )x 1_[lS J<i<n (ki —k; ) 70

[lonyueHHslii ompenenuTenb M3BECTEH B anreOpe Kak OMNpeIesuTeNb
BannepMoHna, OH paBeH HYIIO TOJBKO, KOTJa Kakue-I11u0o U3 KOpHEH COBIAIaroT.
Tak kak KOpHU pazIUYHBI, TO OMpENeNUTeNb BPOHCKOrOo HE paBeH HYIIO,

ClIe/IOBATENBHO, PElIeHns y, = e'™,...y = e IHHeHHO He3aBHCHMBI M COCTABISIOT
(byHIaMeHTalIbHYIO cucTeMy pemenuil. [loatomy

y,, =Ce" +..+Ce"".

Ecnu cpeou xopmueu umeemcs oeticmgumeinbHulll KOpenv k kpamuocmu I, mo
emy cOomeemcmeyom 4acmHuvle peuleHus

y=e", y, =xe™, y, =x’e", ... y, =x""'e" u rpynna cnaraempix B 06mem
peleHnu

V,, =..e” (C1 +Cx+Cyx> +..+C x"™ )+

Ecnu cpeou xopmueii umeemcs npocmas napa KOMNJIEKCHO CONPANCEHHBIX
Kkopueti k, =a+if}, k, =a—iff, mo um coomeemcmeyrom uyacmmuvlie peuieHus 8
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Qynoamenmanvnol cucmeme pewenuu y, =e“ cos fx, y, =e” sinfx u rpymnmna
CJIaraeMbIX B OOIIEM peleHHN

Voo =---7(C, cos fx+C, sin fx) +...

Ecnu cpeou «kopueii umeemcsi napa KOMNWIEKCHO CONPSICEHHBIX KOpHel
ki, =a+ip, k, =a—if, kpamnocmu ¥, mo um coomeemcmeyom 4acmuvle peueHus
8  ¢ynoamenmanvnou  cucmeme  pewenuni  y, =e” cos [k, y,=e” sinfx

ax r-l1 oax _r—1

v, =e“xcos fx, y,=e“xsinfk..y,  =e“x"" cosfk, y, =e“x" sinfix u
IpyIIa ciaraéMbiX B 001EM peLUICHUH
Voo =™ [(C, cos fix+C, sin fix) +.x(C, cos fix+C, sin f)+...+x""(C,,_, cos fe+C,, sin fr)]+...

[Tpumepsi.
yW—y=0, k*-1=(k-1)\k+1)k—i)k+i)=0,k =1k, =—1, ky =i, k, = —i,

y=e,y,=e",y,=cosx, y, =sinx, y, =Ce +C,e” +C,cosx+C,sinx

YOy =0, K —k* =k (k—-1)\k+1)=0, ks =0,k =Lk, =—1

=Ly, =x,p,=x"y,=x", ys=e", y, =€,

v, =C +C,x+Cyx* +C,x’ +Cse* +Cie™™

JluHeiiHoe HeoaqHOPOaHOEe TP PepeHIHAIBLHOE YPAaBHEHHE N —T0 MOPSIAKA €
NOCTOSIHHBIMH KO3 PHUIMEHTAMH.

y(n) + aly(”*l) 4o+ an—ly, +a,y= f(x)

TeopeMa 0 HAJIOKEHUM YACTHBIX pPelICHHU.

Ilycts y, (x) - pellieHre HEOJHOPOAHOTO YPAaBHEHHs C IPAaBOM 4acThiO f, (x),
¥, (x) - pelleHue HEOJHOPOJHOIO YpaBHEHHUS C IpaBOMl wyacTeio f, (x) Torga
Vi (x)+ Y, (x) - peleHre HeOJHOPOAHOTO YPaBHEHMs C IIPAaBOH 4acThIO f, (x) + 1, (x)

Z[OKa?)aTeJ-H)CTBO. HOﬂCTaBI/IM yl (x)+ y2 (.x) B HeOI[HOpOI[Hoe YpaBHCHHUC!
(7, (0)+ 3, )"+, (), () + 2, () + o+, () () + 9, (x)) =
(0, G+, () ()" + o+, (), (x))+
(1, )"+, (), ()" + o, (M, () = £ () + 15 ().

I[lo Teopeme O CTPYKType pelIeHHs HEOAHOPOJHOTO  YpaBHEHMS
yOH(x): yoo(x)+ Ve (x) OOwiee peuieHHE OJHOPOIAHOTO YPaBHEHMS Mbl CTPOUTH
ymeeM. Ocrtaercss mogoOpaTh 4YacTHOE pELICHHE HEOJHOPOAHOTO YpaBHEHHS IO
U3BECTHOM mpaBoi dactu. IIpm 5TOM MOKHO BOCHONB30BaThCS JOKA3aHHOM
TeopeMoil. Ecnu mpaBasi yacTe mpeicraBiseT co0oi cymMMy (YHKLUI, TO MOXHO
HCKaTh YaCTHBIE PEIICHUS, COOTBETCTBYIOIIUE KaXKI0OMYy CIaracMOMy CyMMBI, a 3aTeM
CJIO’KUTh HAalJICHHBIEC YaCTHBIE PEILICHUS.

Metoa noadopa popMbl YACTHOTO pPelICHHS.
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Paccmompum chavana ypasnenue 6mopo2o nopaoxa
V' py +qy=f(x)

1) Ilycmv  npasas  uacme  npedcmaensiem — cobol — KEAZUNOIUHOM
f(x)=P,(x)e.
Wmem uactHoe pemenne B Buze y, (x)= O(x)e™ . 3necs P,(x) - momraom n-oii

CTCIICHU, Q(x)- INOJIMHOM, CTCIICHb KOTOPOT'O HAA0 ONPCACIUTD.

!
., ()= 0k + Ofohr e
"

y, (X)=0"(x)e™ +Q'(x)x e™ + Q'(x)a ™ + O(x )’ e™.

V' py' +qy =e(Q'(x)+ Qar+ p)O' + (@ + pa+q)O(x)) = P, (x)

a) Ecn a - He KOpeHb XapakTepHCTHIECKOTO YPaBHEHUs, T0 &’ + pa+q # 0,
Y MHOTOYJIEH Q(x) HAJI0 BBIOMPATH TOM K€ CTENEHH, 4YTO U P, (x), T.€. CTEIEHH N,

6) Ecim «a - mnpocToif KOpPEeHb XapaKTePUCTHUECKOTO YypaBHEHUS, TO
a’+pa+q=0, 2a+p=#0.B>stom cirydae maorowten Q'(x) Hamo BEIGHpATE TOi
’Ke cremenu, uto u P,(x), T.e. cremenm N. Torza cTeneHh MHOTOWIEHA HAJIO

n
BBIOMpaTh paBHOW N+1. OnmnHako mpu auddepeHnnpoBaHUH Q(x) MPOM3BOAHAS
CBOOOJHOTO WiieHa (IIOCTOSIHHOM) paBHa HYIIO, NOIMOMY Q(x) MOJHCHO 8bIOUpamMb 6
sude O(x)=xQ, (x).

B) Ecimm o - KpaTHBIH KOpEHb XapaKTEpUCTUYECKOTO YpaBHEHMS, TO
a’+pa+q=0, 2a+p=0.B>3ToM crydac MHOTOUWIEH Q”(x) HAJI0 BEIOMpATh TOU
XK€ CTEIEHH, YTO M Pn(x), T.c. crenenu N. Toraa creneHb MHOro4jieHa Q(x) HaJo
BBIOMpaTh paBHOW N+2. OmHako mpu JBYKpaTHOM nuddepeHnrpoBaHuN Q(x)
MPOM3BOJIHASL HE TOJBKO CBOOOJHOTO YJ€Ha paBHA HYNIO, HO U TPOU3BOAHAS
JIMHEMHOTO 4YJeHa paBHa Hy0. [losmomy Q(x) MOJICHO  BblOUpamb 8 8uode

O(x)=x"0, (x).
IMpumep. y"'—y=x+e"

k*=1=0, k,=Lk,=-1, y,, =Ce* +C,e™
b (x) =X, (P (x) =X, a= 0), a=0 - He KOpeHb XapaKTePUCTHYECKOIO

n

YpaBHCHUA, [IO3TOMY YaCTHOC PCHICHUC HAAO0 HCKATh B TOM K€ BUJAC, YTO U IIpaBast

”

yacte, y, = Ax+B, y, =4, y, =0.IloacraBaseM B HEOJTHOPOJHOE YPAaBHEHUE C
npaBoii wacteio f;(x)=x.

—Ax-B=x=>B=0,4+B=1

M (x) =X

5 (x) =e", (Pn (x) =1, a= 1). Kopenb o =1 conepuTcs OJUH pa3 Cpeau

KOpHEH XapaKTepHCTHYECKOTO YpaBHEHHs, MO3TOMY YacTHOE pELICHHE HIIETCS B
! 14
Buzge y, = Dxe*, y, =De*(1+x), y, =De*(2+x).

X

[ToncTaBnsieM B HEOAHOPOTHOE YpaBHEHHE € IPaBOil acThio f, (x) =e".
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De*(2+x—x)=e" :D:%

e

Cymmupyst o0a 4YacTHBIX pEUICHHs, II0JIydyaeM YacTHOE  pELICHUE
HEOJIHOPOJHOTO YPAaBHEHHUS JJI UCXOIHOM MPABOM YaCTH:

LI
Vo, =—X+—xe".
2
Oo01iee perieHrue HEOAHOPOJHOTO YpaBHEHUS OyIeT
X —X 1 X
v, =Ce +C,e —x+5xe .

2) IlpaBast yacth UMeeT BUA f (x) =e” (M (x)cos e+ N (x)sin ﬂx)

a) Ecu axiff He KopHu Xapaxmepucmuueckozo ypagHenus, TO YacTHOE
pELIeHNE HIIETCS B TOM BHJE, B KOTOPOM 3aJlaHa IIPpaBasi 4acThb:

v, =e”(U,,(x)cos fic +V, (x)sin ),

re U, (x), |4 (x) - TOJMHOMBI CTENEHHM M — MaKCHMalbHOM W3 CTENeHEn

m
MOJIMHOMOB M (x), N (x)
6) Ecmu axif - napa xopmeii xapakmepucmuuecko2o ypagHeHus, TO 4aCTHOE
perieHue uIeTcsi B BUIe

v, = xe“x(Um (x)cos Pe+V, (x)sin ﬁx),

ITpumep. y"+ y =sinx

k*+1=0, k,=%i, y, =C cosx+C,sinx

flx)=sinx, (@=0,8=1,M(x),N(x) cmenenu0)

[Mapa xopHe#t o +iff =+i - mapa KOpHEH XapaKTEPUCTUIECKOTO YPaBHEHHS.
y, = x(Acos x + Bsin x)

yq' = Acos x + Bsin x — Axsin x + Bx cos x,

n

y, =—2Asinx+2Bcosx— Axcosx— Bxsinx

HOI[CTEIBJ'IS[GM B HCOOJHOPOAHOC YPaBHCHHUC, IIOJTydacM

—2A4sinx+2Bcosx =sinx, otkyna B=0, 4= —%

1 ) 1
¥, :_Excosx, v,, =C,cosx+C, smx—Excosx

PaccmotpuMm Heoonopoonoe ypasnenue N-2o0 nopsioka, TOKaKeM, Kak B HEM
MPUMEHSTh METO]T ToA00pa GOPMBI YACTHOTO PEIICHHUS.

31ech cUTyalus CIOXKHEe, TaK Kak B XapaKTePUCTHUYECKOM YpaBHEHUU N
KOpHEH, JefCTBUTENbHBIE KOPHH U KOMIUIEKCHO COTPSDIKEHHBIE, MPOCTHIE M KpaTHBIE
KOpHH.

1) Tlycte mpaBas 4acTh  HEOJHOPOJHOTO  YPaBHEHHS  HMMEET  BH[

S (x)=e"P,(x)
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a) Ecnu «a we ssnsemcs kopHem Xapakmepucmuuecko2o YpaeHeHus,
YacTHOE pElICHHE HEOJIHOPOJHOIO0 YPaBHEHHUs UIIETCS B TOM K€ BUJIE,

u npaBas 4acte y, =e“ 0, (x)

TO
qTOo

b) Eciu a - xopeuv xapaxmepucmuueckozo ypasuenus Y-otl KPAMHOCTH, TO
YaCTHOE pEeUIeHHWE HEOJHOPOJHOTO ypaBHEHHS MIIETCS B  BHUIC

oo
yq =xe Qn (x) *
2) HYCTI) ImpaBas 4aCTb HCOAHOPOAHOTO YPABHCHUSA UMCCT BU

£(x)=e™ (M(x)cos S+ N(x)sin f£ix)

a) Ecnm mapa KOMIUIEKCHO COIpPSKEHHBIX KOPHEU He A67semcsi KOPHAMU
Xapakmepucmuyecko20 ypaeHeHus, TO 4YaCTHOE PEIICHUE HEOIHOPOIHOTO

YPaBHEHUSI HIIETCS B TOM K€ BUJE, YTO U IpaBasi 4acTh
v, =e” (U L, Cos x+V sin ,Hx), rie CcreneHb M MHOTOWIEHOB

MaKCUMaJlbHas U3 CTENICHEH MHOTOYIEHOB M (x), N (x)

b) Ecium mnapa KOMIUIEKCHO CONPSOKCHHBIX KOPHEH —s6/1semcs  KOpHAMU
Xapakmepucmuuecko2o ypasHenus -0l KpamHocmu, TO YaCTHOE pelIeHHe

HCOJHOPOAHOI'O YpaBHCHHA UIICTCA B BUJIC
y, =x"e™ (U, cos fx+V, sin fix).

Mpumep. »® + " = x +sinx

Sk =k (k+1)K =k +1)=0, K, =0,k =—1,k,; =%ii§

y,, =C +Cx+Cie™ +e2| C, co'573x+C5 sin%x

fi(x)=x,(@=0,P,(x)=x,n=1). a=0 cooepoicumcs. 6 KODHAX

xapaxmepucmuyeckoz2o ypasnenus. 2 pasa, ToITOMY Y, =X~ (Ax+B). [Toncrapnss

9TO 4YaCTHOC pPCHICHUEC B HCOJHOPOJHOEC YpaBHEHHE C npaBoﬁ 4aCTbIO ﬁ(X)

IIOJIy4UM 6Ax+2B=x:>A:é,B:O, Y :éx3.

:x’

5 (x) =sinx, (a =0,=1, atif= ii). Kophu +iHe conepxarcs B KOPHAX

XapaKTepUCTUYECKOI'O YpaBHEHUsI, IOATOMY V, , = Dcosx + Esinx. [loacrasnss 3to

YacTHOE pEIIeHHEe B HEOJHOPOJHOE YpaBHEHHE C IPaBON YacTbIO fz(x):sinx,

nonyanm (E —D)cosx—(E + D)sinx =sinx, > E-D=0,E+D=1=E=D= >

. 1 .
V.o, =Dcosx+Esinx.y,, :5(cosx+smx).

1,1 .
=—x +—(CoSx+sinx).
Y=g 2( )

Tpumep. ¥ + " = x +sinx
+k =k (k+ifk—i)=0,=k,, =0,k, 5 =i

v,,=C +C,x+C,x* +C, cosx+Csinx.

1

fi(x)=x,(@=0,P(x)=x,n=1) a=0 cooepoicumcss 6  KODHAX

Xapaxmepucmuueckozo ypasHenus 3 paza, nod3Tomy y,, = x3(Ax + B).
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f,(x)=sinx, (@=0,8=1, a+if=+i). Kopuu +i(mapa  KopHeii)
cofepKarcs B KOPHSAX XapaKTEPHUCTUYECKOTO YpPaBHEHHS OJUH pa3, IOITOMY
V,, =x(Dcosx+ Esinx). Heonpenenennsle Ko3(pOUIMEHTH! ONpeaesoTcs, Kak U

BBIIIIE, TIOJCTAHOBKOW B YpPaBHEHHE U CPaBHEHUEM KO3()(DUIIMEHTOB IPU OJIMHAKOBBIX
CTerneHsX X, mpu SiNX, COSX, XSIiNX, XCOSX.

Jlekuuu 19-20. HopmajibHble cuctembl 1u(p¢epeHINATbHBIX YPABHEHMIA.

Cucrema guddepeHIIMaIbHBIX YpaBHEHUW — JTO CHCTeMa ypaBHEHHM
OTHOCHUTENIbHO HE3aBUCUMOW IepeMeHHOW X, (YHKIHMI 3TONH MEepeMEeHHOM U ux

! ” !
IIPOM3BOMIHBIX V1, Y, sV, "™ e ¥, sV, oo yfl’"”) . Cucrema MOXKeT OBITh 3amicaHa B

obwem suoe

F (% vy 591 ™ ey, e p")=0

Fn(x5 y17y1 >y1 "'yl(ml)'“yn)yn yflm")):o

ITopsAnoK 5TON CUCTEMBI paBeH m, +...+m,, .
[Tonb3ysce TeopeMoil O HeABHOM (YHKIIMH, MOXHO pa3peliuTb CUCTEMY

YpaBHCHHUH OTHOCHTEIIBHO CTApIIMX MPOU3BOJHBIX W 3aIHCATh €€ B KAHOHUYECKOM
guoe:

! ” !’
(m) _ (my—1) (m, 1)
=0 (% ey - Y Yy V)
(m,) _ SV C) L me)
Vit =0 (X YLy Y e Y Yy )
Teopema.  Jlioboe  muddepeHnuanpbHOe  ypaBHEHHE,  pa3pelieHHOe
OTHOCHTEIIFHO  CTapmieil  MpOWM3BOJAHON,  MOXXHO  CBECTH K  CHUCTEMeE

g depeHnnanbHbIX YpaBHEHH IEpBOTO MOPsIIKA.
Joka3zatenbctBo. PacemoTpum nuddepennnanbHoe ypaBHEHHE N-0T0 TOpsaKa

Yt = f(x, y,y’,.,y("‘l)). O6o3HaunM

’ ' ’
Yo (X) = y(X), Yo ()C) =V (X) =VyseVuo =V, Z[I/I(l)(l)epeHHI/IaHBHOG YpaBHCHHC
N-oro mopsiaxKa yaalloCh CBECTH K CHCTEME N ,I[H(i)(bepeHHI/IaHLHLIX ypaBHeHI/Iﬁ
IICPBOr'o MopsAaKa

!

Yo (x):yla
N (X)—y2
yn—Z =yn—1

!

Voo =06 v0s v v
HpI/IMeHHH 3Ty TeOpeMy, MOXHO oT KAHOHHNYECCKOI'O BUAa CUCTCMBI

middepeHInaNbHBIX  ypaBHEHUH mepeiith K  cucteMe JaudQepeHnnaIbHbIX
YpaBHEHHI NEPBOTO MOPAJKA - HOPMATbHOMY BUOY CUCTIEMDbL.
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Vim-1 = S (x’ Yoo Vim-15+ Ynooeos Vi m,,—l)
Ilomygena cucrema u3 m, +...m, JUQPepeHINANBHBIX YPABHEHUN MEPBOTO
MOPSIIIKA.

Ynobuee Hopmanvhyto cucmemy oupgepenyuanvuvix ypaeHeruii (CUCTEMY B
HOpPMaJbHOU (hopMe) 3aITUCHIBATH B BU/IE:

Y1 :fl(x’ yl""yn)

.................................. (noxoopounammnas gpopma)

yn :-f;1(x’ yl""yn)

HUJIN B BUIC
Vi S
¥ =f(x,9),tne y=| .. |, f=|f,| (6exmopnas gpopma).
Y
Y, =siny, cosy, o
IIpumep. ~ , DTH ypaBHEHHS CBOJATCS K HOPMAJbHOM
Y, =y t),
CHUCTCMC
(Yio=»)
Yio =i
Y1, =siny,, cos y,,
(Y20 =22)
Yoo =V
Yo =XVt Yy

OkaszpiBaeTcsi, He TOJbKO u(QepeHIaTIbHOe YpaBHEHHE N- Oro MopsaKa
cBoauTCS K cucreMe N auddepeHInanbHbIX YypaBHEHMH IIE€pBOro MOpsiAKa —
HOPMAaJIbHOW CHCTEMe, HO M HOpMaJlbHasi CUCTEMa MOXET ObITh CBE/IeHa K OJIHOMY
mddepeHnanbHOMY YpaBHEHHUIO.
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Teopema. Ilycts 3amana cuctema N audepeHnaIbHBIX YPAaBHEHUH TIEPBOTO

nopsiaKa
yo=f00y,)

v, = £,y 0,)

0O0o03HaUYNM
af a
F,==14 !
= gkﬂ
oF " OF.
F — 2 + 2
3 ax ; ayk fk

muddepeHurpyeMon 1o

n—1 8x —
IlorpeOyem, uroObl ¢QyHkums F, ;| Obuia Obl
COBOKYIHOCTHU IepeMeHHbIX. [loTpedyem, uToObI onpeaenuTenb

9 9
v, o,
OF, OF,

A=lgy, 7 oy |#0
8Fn_1 8F_n_]
v, T o,

Torma cucrema N guddepeHUMaNbHBIX YpPaBHEHUH SKBUBAJICHTHA OJHOMY

muddepeHnnaTbHOMY YpaBHEHHIO N-0T0 MOPSAKa
Hokazamenvcmeo. MeToll TOKa3aTeIbCTBA HA3BIBACTCS MEMOOOM UCKIIOUEHUS
MEPEMEHHBIX W TPUMEHSETCS Ha NPAKTUKE TPU CBEACHUU CHCTEMBI K OIHOMY

YpaBHEHHIO. Hponmb(bepeHquyeM F

n= +z ayk

1) HOCTpOHM QITOPUTM METOJA UCKITIOUCHUS
!

= fieVu =

peweHust cucremsl (), f,), Torna ypaBHEHUs

Ilycts  y,,...y,-
CUCTEMBI F), = an1 .. IPEJICTABIIAIOT COOOM TOXKIECTBA
af f "
F=Liay iy’ =y,
ox ooy,
oF, OF, '
Fi=—+) —y, =
T & o, Vi y 1
oF, . OF ' -
F — n-2 + n-2 — (n-1)
n-1 ox ; o, Yi =N
oF L OF '
F = n—1 + n—1 — (")
= o T e =
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HOHy‘-IeHBI BBIPAKCHHUA ITPOU3BOJHBIX

1 :ﬁ(xﬁ yl’ y2""yn)’

"

B2 :Fz(xa Yis J"2’---yn)’

m

Y1 :F}(xa Yis y2""yn)’

J’1(n_]) = anl(xa Vi Vaseer yn)'

!’
W3 3TuX ypaBHEHUIl MOXHO BBIPa3UTb V,,...»V, YEPE3 J, ,... yl(”’l) TaK Kak

b

OTIPEICTUTENh CUCTEMbBI 3TUX YpaBHEHUN A # 0.

[ToxgcTaBUM BBIPKEHUS V,,... V, YEPE3 V| ... yl(”’l) B TIOCIIETHEE YpaBHEHUE
yl(”) =F, (x, Vis Vs [yl yl(”l)),... v, [yl ...yl("l)D. Tak xak y,,..y, - peLIeHUs

! ’
cucremsl y, = f,,..y, =f,, TO OHH SBISIOTCS U PEHICHUAMH IOIY4EHHOTO

! !
ypaBHeHus. CrnenoBaTenbHO, cuctema )y, = f,,...y, = f, CBEIEHa K OJHOMY
YPaBHEHHIO N-0TO MOPSIJIKA.

2) TlokaxkeM OKBHBAIEGHTHOCTH perreHuid. [Ipeamonoxum, dro y,,..»,-

pemieHus IIOJYUYC€HHOTO YPABHCHMA, ITOKa)XEM, 4YTO V;,...Y,- PCIICHUA

CHUCTEMEL.
" 8 0 a "
=/ ) Vi =L fl '+z fl . O0603Ha4YNM v, =F,.
ox oy, = OV,

aF 8F & 8F 4 m

ox 8y1 ~ ayk

oF, ,
yl(n) = = . O603HaYMM yl(”) =F,.

ax oy

[IpupaBHMBaeM mnoydeHHbIE 37echb (GYHKUMU F,, F;,...F BBEIEHHBIM paHee,
COKpallasi IepBhIC U BTOPHIE CllaraeMble, MOJIy4aeM CUCTEMY ypaBHEHUN

> (' -s)=0

2w =)=

aEz 1 ' _ _ O

P yi —fe |=0.
k=2 OVy

Onpenenurens 3TOM cucteMbl paBeH A #(, ciegoBaTelbHO, B KayecTBE
! !
€IMHCTBEHHOTO DEIICHUsl CUCTeMBl UMeeM ), = f,,..y, = f, . lloaTomy pemieHus
JKBUBAJICHTHBI. Teopema noka3aHa.
X=2x+y

IIpumep.
P P y=x+2y

72



X¥=2%+p=2x%+x+2y=2x%+x+2(x—2x)=4x—3x,
X—4x+3x=0, k*—4k+3=0, k =1k, =3,

x(t)=Ce' + Ce*,

y(t) = x(£)-2x(¢) = Cie’ +3C,e* —2C,e' —2C,e* =-Ce' +C,e™

OyHKUUS Y = (ﬁ(x, é) Ha3bIBACTCS OOIIMM PeLIeHUEM CUCTEMBI, €CIH
1) st mo6oro C 3 = (ﬁ(x, C ) - pelIeHHEe CUCTEMBI

2) U1 TIPOW3BOJIBHBIX Ha4YaJbHBIX YCIOBUIA (xo, }0) Haupercas C,, 41O

Yo :(D(xm Co)-
Ecmu 3adukcupoBare C B 0oOmIeM pernieHWH, MOJY4YUM YaCTHOE peleHue
CUCTEMBI.

3agaya Kommn.
Haiimu pewenue cucmemor y' = f (x, )7) yooenemeopsowee 3a0aHHbIM

HAYANbHbIM YCIOBUAM Y, = f/(x )

Teopema Kouiu o cymiecTBOBaHUM M €IMHCTBEHHOCTH perieHus 3aaadn Ko
Ilycmo ¢ynxyus (x, })Henpepbzeﬂa no cosoKynHocmu nepemenHuvix. Ilycmo

0
cyuecmeyiom u HenpepieHbl Yacmuble npouseoonsle —, k=1..n, s=1,.n
oy,
Tozoa cywecmsyem u eourHcmeenHo peuterue 3aoaqu Kowu.

IlepBble HHTErpaJIbI.

[Iyctp BbIMONHEHBI ycnoBus Teopembl Komu. PaccmoTpum pernenue 3agayu
Komm y(x, xo) IPU 33JJaHHBIX HAYaJIbHBIX YCIOBHIX y(xo)z ¥, - Ilo Teopeme Kommn

OHO CYIIECTBYET U €IUHCTBEHHO. DTO PEIICHUE ) = gﬁ(x, Xy, ﬁO)MmKHo IPEJICTaBUTh
ce0e KaKk HEKOTOPYIO MHTETPAJIbHYIO KPUBYIO, COSUHSIONINE TOYKU (xo, Yo ), (x, }).

Eciu B xauecTBe HAYAIILHBIX YCIOBUN BHIOPATH y(x) =y, 10 1o Teopeme Ko
4yepe3 3Ty TOUKY IMPOXOIUT Ta K€ €AMHCTBCHHAsI HHTETpalIbHAS KPUBasi, €€ YPaBHCHUE
MOJKHO 3amucarb B BUJIE Y, = ¢(x0 , X, )7). 3adukcupyem x,, oboznauum C =y,

[IOJIyYUM  COOTHOILIEHHE ¢(x, )7)=C — o0mmi  MHTErpa;x  cucmemvl

oughghepenyuanvuvix ypasHenuii (6exkmoproe coomuouieHue). IlepBblil MHTerpas
cucmemvl  OUPPepeHyuarbHbIX YPAGHEHUll — CKAIAPHASL COCMABIAIOWAs 00uje2o
unmeepana. OOMWMHA HHTErpan cucmemvl Oughghepenyuanbubix YpagHeHulu —
8eKMOpHAs YHKYUSA, COXPAHAIOWAs C80e 3HadeHue Ha peueHusx cucmemsl. IlepBblii
HHTEerpall cucmemvl OUuP@epeHyuanvHvlx ypasHeHu — CKauaApHas @yHKyus,
COXpaHAOWas c60e 3HAYeHUe HA PeUleHUS X CUCTNEMD.

3HaHUe OJIHOTO MEPBOr0 MHTErpaja MO3BOJISET MOHU3UTh MOPSJIOK CUCTEMBI Ha
enuHUIly. 3HaHue OOIIero MHTEerpajga JaeT ooliee pelieHUue CUCTEMBI, €CIM TOJIBKO

MO>KHO pa3pelInTh ypaBHEHUE ¢(x, )7) = C OTHOCHUTEIBHO ) .
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IIpou3sBoaHOM CKAJAPHON (PYHKIUH B CHJIYy CHCTEMBbI Ha3bIBACTCS

9 99
&+;akﬂ'

CkansipHast QyHKIUSA ¢(x, bz “_yn) SIBJISICTCS. IEPBBIM MHTETPAJIOM, €CIIU

0,09
ax+;8yk £, =0.

CI/IMMeTpI/I‘lHaﬂ (])opMa 3alMucCa CUCTEMBbI.

3anuiiemM ypaBHEHHs CUCTEMbI B HOPMaJIbHOM (MMOKOOPIMHATHOM) hopme

' dy,

»o=—t=fixy,.,)
dx
'ody,
yn =0 = n(x’ yl"“yn)
dx
" 3aIIUIIIEM DTHU ypaBHeHI/ISI B CI/IMMeTpI/ILIHOM BUIC
d_ A _dy,
1 Ay y,) 1% ¥y v,)
I/IJ’II/I, 3aMCHAA HepeMeHHBIe u HpaBI)Ie qacTu

XX, 1,V OX,.y, ox,[oX,.. f,oX, 10X,

HOJIy9uM CMMMETPHYHYIO GOPMY 3aNMCH CHCTEMBI
dx, _ dx, .,

Xl(xlﬂ"“xnﬂ) Xn+l(x1""xn+l)

Ha nmepexome & cuMMeTpuuHOW (QopMe 3amucCH  OCHOBAaH  MeETOJ
HHTErpUpyeMbIX KOMOMHALMI, KOTOPHIM HMHOTJA YAAETCA MOJYyYUTh OAMH WIH
HECKOJIbKO TEpPBbIX WHTErpajioB M IMOHU3UTh TEM CAMBIM MOPAJOK CHCTEMBI WU
pELINTSH ee.

) X . b%
Ipumep. x = —— =<
p p x2+y2 y x2+y2
@_ X
dt x> +°
X y , Q:Z:}y:Cx @z 1 AL de=iz
dy _y dx x dt xil+Ci 1+C
dt x> +y°
2 2 2
x_:_l ~t+C,, y—:—c 2t+ClC2
2 1+C 2 1+C

ABTOHOMHBIE CHCTEMbI ¥ CBOIICTBA UX pPelleHui.

Cucrema Ha3bIBaCTCS aBTOHOMHOﬁ, €CJIn B €€ IPAaBYyHO 4aCTb HC BXOIAHUT SABHO

He3aBUCHMasl IepeMeHHast: )’ = f ()7)
PerieHne aBTOHOMHOH CHCTEMBI MOXHO paccMaTpuBaThb B IPOCTPAHCTBE
KOOpAMHAT  ),... ¥, , KOTOpO€ NPUHATO Ha3bIBaTh (Pa30BbIM HNPOCTPAHCTBOM.

IIpoexuuss MHTErpaabHOM KPUBOM Ha OTO IIPOCTPAHCTBO HasbiBaeTca (ha3oBoit
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TpaekTopueil (W mpocTo TpaekTopueii). BooOiie roBops, 100y CUCTEMY MOKHO
clenath ABTOHOMHOH, BBOJS JONOJHHUTEIbHYIO (Da30BYI0O KOOpIMHATY —
HE3aBUCHMYIO TIEPEMEHHYIO y, , =X ¥ JOINOJHUTENbHOE ypaBHeHHE ) 6 =x'=1.

®dazoBoe MMPpOCTPAHCTBO TaKO!l CHUCTEMBI IIPHUHATO HA3bIBATb pACUUPEHHbIM d)CZS’O@bZM
npocmpancmeom.

Ceoticmea peuwienuti a8MOHOMHBIX CUCTIEM.

1) Ecau y= (ﬁ(x) - peutenue cucmemul, mo u y = @(x +C ) mooice peutenue.

dp(x+C) dp(x+C) -/
= = C)).
- e 0) = (¢(x+C))
Cneocmeue. DazoBasi TPACKTOPUS ) = (ﬁ(x+ C) - 910 Ta ke (ha3zoBas

TPAaeKTOpUs, UTO U J = (ﬁ(x)
B camowm nene, nmo0as Touka (x +C, f) nepBoi (a3zoBON TPAEKTOPUU SIBIISETCS
TOYKOH (x, }) BTOPOi1 (pa30BOI TPaeKTOPUHU U HAOOOPOT.

2) Mee ¢hazosvix mpaekmopuu aub60 He umerom O0OWUX MOUEK, AUOO
coenaoarom.

[Tycts nBe paznuyHBIX (Ha30BBIX TPACKTOPHH (p(x), ¢(x) UMEIOT OOIIYI0 TOUYKY
o(x,) = #(x, ). Paccmorpum pemenne v(x)=@(x +(x, — x,)).

v(x,)=(x, +(x, —x,))=d(x,)= p(x,). Cnenoparensro, mo Teopeme Ko
v(x)z (p(x). Ho v(x) - 9TO TpaeKTopus ¢(x), CIABMHYyTass Ha X, —X, IO
aprymenty. Ilo cneactBuio, o0e (a3oBble TPaeKTOPUH SBISIOTCS OJHOMN
(ha3oBoi1 TpaeKTOpHUEH.

Cneocmsue. Muooicecmeo pazosvlx mpaekmopuii A8MOHOMHOU CUCEMbL 8
Gazosom npocmpancmee npeocmasisiem coboli COBOKYNHOCMb
Henepecexkaruuxcs KpUsbix.

Touka a Ha3bIBaeTCd TOYKOW MOKOS (TOYKOW PaBHOBECHs) AaBTOHOMHOM

CHCTEMBI, €CIIH f(ﬁ )=0.

3) Ecau mouka d - mouxa nokos, mo y =d - peuienue CUCmembl.

B camom xene, ' =a'=0= f(a).

4) Jhobas ¢hazosas mpaekmopus a8MOHOMHOU CUCMEMbL eCb MPAeKmopUs.
00HO20 U3 mpex MuUnos:

- 21a0Kas, He CaMOnepeceKanuasncs Kpusas,

- 3AMKHYmMas 21aokas Kpuseas,

- MOYKa NOKOA.

da30BLIl NOTOK.
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PaccmoTpuMm pemenune 3amaun  Komm aBTOHOMHOW —CHCTEMBI )7(x, }0).
Ompenenum ¢hazosvlii nOMox Kaxk onepamop g*cosuea (no apeymewmy X) HO

pazoevim mpaekmopusim cucmemvl gy, = }(x, Yo )
PaccmoTpuM HekoTOpyro oOmacte D ¢a3zoBoro mpoctpaHcTBa ((ha30BBIM)
o6bemoM V. @a30Bblil HOTOK NIEPEBOAUT ITY 00s1acTh B 0061acTh D o0beMoM V.

Cnpaeeonusa meopema Jluysuins % = J-div]?(j/)dy(f).
x5

3necy Mepoit ,u(f) B ()a30BOM IPOCTPAHCTBE MOXKET CIYKUTH (Pa3oBbIi 00beM

% 7, of

V., divf ()7) =—+..+—=" =Tr—=— (IuBEepPreHIHs BEKTOPHOTO IOJIS TPABbIX YaCTCH
1 n ay

CUCTeMbl MIM ciel Marpuubl SIkoOu). JleBas yacTh 3Toil (hopMylbl IpeCTaBIIsSIET

co0oil u3MeHeHHue (a3oBoro odbeMa B E€AMHMIY «BPEMEHH» — apryMeHTa, T.e.

W3BECTHBIA M3 TEOPHU TOJIA TIOTOK BEKTOPHOTO IOJIS MPABBIX YaCTEH CHCTEMBI —

¢azoBbIx ckopocteil. [IpuBenennas gopmyna ananornysa gpopmyie OcTporpaackoro

— I'aycca B Teopun noJsi.
Ecin divf(}) =0, 10 V_=const.

Ecin ]7(}) = A(x)y, To0 divf(j/) =TrA(x)=a, (x)+...+a, (x), 4to naer

dbopmyny st ompeneneHus (azoBoro oObema V(x): Cexp j T rA(x)dx , 4TO
D.v

coBmazmaet ¢ ¢popmynonr Octporpaackoro — JlnmyBuis onpeaenurens Bporckoro st

JUHEIHBIX aBTOHOMHBIX cucTeM. [loaTomy ompenenurens BpoHckoro mmeer cmbica

(dazoBoro oOwbeMa (OmpenenuTeNb BCErjJa HMMEET CMBICT HEKOTOPOTO 00beMa,

BCIIOMHUM XOTSI ObI CMBICJI CMEIIIAHHOTO TPOU3BEICHHSI BEKTOPOB).

Jlekumsi 21. Cucrembl JUHeHHBIX AU( P epeHuuaJIbHbIX YPABHEHHH.

Heoonopoouyro cucmemy nunedHbIX nuddepeHImanbHbIX YpaBHEHUH MOMXKHO
3armcarb B BUJIC

y'=Ax)y+ f(x).

Oonopoonyto cucmemy JIHUHEUHBIX UG GEepeHINATBPHBIX YpaBHEHUN MOXHO
3amucarhb B BUJIC

' =Alx)y.

Bce Teopembl s JIMHEHHBIX CHUCTEM AHAJIOTMYHBI COOTBETCTBYIOLIMM
TeopeMaMm Jyis JTMHEHHbBIX AuddepeHInanbHbIX ypaBHEHUH BBICIIUX MTOPSIKOB. DTOTO
U CJICZIOBAJIO OKUJATh, TAaK Kak cucteMa auddepeHnanbHbpIX YpaBHEHHIA CBOIUTCS K
g depeHnaTbHOMY YPaBHEHHUIO BBICIIIETO TOPSIKA.

Teopembl 0 CBOMCTBAX peLIEHNH OJHOPOIHON U HEOTHOPOJHOM CHUCTEMBI.

Ecim y,, y,,- PpelleHus OIHOPOJHOH CHUCTEMBI, TO Y, + Vo, AV, AVg,-
pELIEHUs] OTHOPOJHOM CHCTEMBI.
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Ecnu y, y, - pelmienus 0MHOPOJHOM M HEOJIHOPOJHOM CUCTEM, TO Y, + V), -
pELIEHUE HEOJHOPOJHON CUCTEMBI.

Ecmu y,,, y,,- pelleHus HEOJHOPOJHOH CHCTEMBI, TO y,, — ), ,- PCLICHUE
OJHOPOJIHOM CHCTEMBI.

JlokazarenbCcTBO.

(o + Fa) = Ty + T = AT,y + ATy = ANy, + Fin),

(By,) = 437, = M(x)5y, = A(xNA5y,)

(o +3,) =5, + 7, = ), + AR, + F(x) = ARYF, + 5,)+ (x)

G =F) = Vg =l = A, + 7 ()=, + F ()= AGYF, —5,2)

Teopema. Mnoowcecmeo pewienuti auHelHOU O0OHOPOOHOU CUCMEMbL eChlb
JIUHelHoe NPOCMPAHCMBO.

N3 Teopem 0 CBOWMCTBax pEHNICHUM BHUIHO, YTO OINEPALMU CIOXKECHUS |
YMHOKEHUS Ha YMCIIO HA PEIIEHUAX OJHOPOTHON CUCTEMBI ONPEIETEHBI KOPPEKTHO.
Jlerko mpoBepsieTCsl aCCOLMATUBHOCTD IO CJIO’KEHHIO, CYIIECTBOBAHUS «HYJIIS»

— TPUBHUAJIBHOIO  peLIeHUs y(x)zO, CYILIECTBOBAHUE  «IIPOTHBOIOJIOXKHOTO
JIEMEHTa» (— f(x)), KOMMYTaTUBHOCTb 10 clokeHuto. Otcroga cieayer, uTo

perieHus OJTHOPOIHON CHUCTEMBI 00pa3yl0T KOMMYTAaTHBHYIO TPYIIY IO CIOXKEHHUIO
(abenmeB mMomynb) (4 akCMOMBI JHMHEHHOTO TpocTpaHcTBa). CylIecTBYyeT €IWHMIA —
YHCIIO, CIIpaBeJIMBa aCCOLMATUBHOCTD [0 YMHOKEHHUIO Ha YKCIO (e1e 2 aKCHOMBI).

Hakonen, cnpaBemiuBa TUCTPUOYTUBHOCTH MO CIOXKEHHUIO PEHICHUM M 4ucel
(mocnemaue 2 akcuomsbl). TakuM 0Opa3oM, BBHITTOJTHEHBI BCE 8 aKCHOM ISl KOPPEKTHO
BBEJICHHBIX OMNEpalUi CIIOKEHUS PEUICHUH W yMHOXXEHHUS pelIeHHs Ha YHCIIO.
CrnenoBaTenbHO, MHOKECTBO PEIICHUN OJHOPOJHOM CHCTEMBI O0OpasyeT JWHEHHOe
MPOCTPAHCTBO. 3aMETUM, YTO TOYHO TaK e JI0Ka3bIBajach aHaJOTUYHAs TeopeMa AJis
g depeHnnanbHOro ypaBHEeHUs N-0ro NopsiaKa.

Oynkimu y, (x),... v, (x) Ha3bIBAIOTCS JUHEUHO He3aA6UCUMBIMU, ECITU
A9 (x)+.+ 4,5, (x)=0= 1 =0,..1, =0.

Dynkimu y, (x),... v, (x) Ha3bIBAIOTCS JUHEUHO 3a6UCUMbBIMU, ECIIU
A, A, #0,.. 4 A4y, +...4,y, =0.

yn(x) ynl(x)

Beenem onpeoerumens Bpowuckoco W =| .. ... |, IO croaduam

Yin (x) ynn(x

yll(x) ynl('x)

KOTOPOTI'0 PACIIOJIOKCHBI BEKTOPBI )_;1 (X) = geus )_}n (X) = , BBCACM TaKXKC

Yin (x) ynn(‘x)
J/n(x) ynl(x)

marpuny Y(x)=| .. .. .. | W(x)=detY(x).

yu(0) ()
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Teopema. Ecu gpyuxiu ¥, (x),... ¥, (x) nmuneitno 3aBucumbr, To W(x)=0.

Hoka3atenbcTBo. Tak kKak (YHKIIUU JTUHEHHO 3aBUCHUMBI, TO OJHA W3 HUX
JIMHEIHO BbIpaXaeTcsi  (TOXKIECTBEHHO)  4epe3 OCTaJIbHBIE, [I03TOMY
COOTBETCTBYIOLIUI cTOJIOEL onpeaesnTensi BpoHCKOro JIMHEHHO BbIpa)kaeTcs 4epes
octanbbie. Torya no ceoiicTey onpenenurens W(x)=0.

Teopema. Ilycts ), (x),... v, (x) - pCIICHUS OJHOPOJHOW CHUCTEMBI U
3x, : W(x,)=0, Torna pemenns y,(x).... ¥, (x) 1uneitHo 3aBHCHMBI.

HoxkazarenbctBo. T.K. W(xo)zo, TO €ro CToJOIBI B X, JIMHEHHO 3aBUCHMBI,
Te. A4, A %0, A, 1 A4, (xy)+... 4,7, (x,)=0.

PaccmoTpum perrenne ):/(x) = Ay, +...4,, (c Temn xe k03pdUINCHTAMH).

)Cz(x) - pelleHnue OAHOPOJHON CHCTEMBI KaK JIMHEWHAas KOMOWHALUs perieHun
OJIHOPOJHOM cHCTeMBI (TeopeMbl 0 cBoMcTBax peleHuil). HauanbHble yciaoBus s
9TOr0 pPELICHHs B TOYKE X,, KaK IOKa3aHO Bbllle, HynaeBble. Ho ecTb pemieHue
OJIHOPOJIHOM CHUCTEeMBbI (TPUBHAIBHOE pEIICHUE }(x)z 0), wumeromee Te K€
HavanpHble ycinoBus. CrenoBarenbHo, o TeopeMme Komm pemenue )jz(x) U ecTh
TpuBHamsHoe pemenne. Torma y(x)= A%, +.. 4,7, =0, (4, #0), crenosaremnsto,
penieHus y, (x),... v, (x) JTMHEWHO 3aBUCUMBI.

CaencrBue. PaBeHCTBO omnpenenurens BpoHCKOro Hymoo Uil pelIeHHM
OJIHOPOJHOM CHCTEMBI XOTsI Obl B OJJHOM TOYKE — KpUTEPHUM JTUHEIHONW 3aBUCUMOCTH
pELIeHNH, OTINYUE ONpenenuTesis BpoHCKOTO OT HyNs [JIsl PEUIEHU OJHOPOIHOU
CHUCTEMBI XOTs OBl B OJTHOM TOUKE — KPUTEPHIA IMHEHHON HE3aBUCUMOCTH PEIICHUH.

HoxkazarensctBo. Ilyctes dx, :W(xo): 0, Ttorma pemeHus y, (x),... v, (x)
JIUHEHHO 3aBUCHMBL. Ecim pemienus y, (x),... v, (x) JMHENWHO 3aBUCHMBI, TO W(x)z 0
[0 TEOpEME O PABEHCTBE OMpeNenuTeNsi BpoHCKOro Hymo Al CUCTEMBbl JMHEHHO
3aBUCHMBIX (DyHKIUI. 3aMeTUM, 4TO Toraa 3x, : W()c0 ) =0= W(x) =0.

ITycte dx, :W(xo);«t 0, ecnu pemeHus y, (x),... v, (x) JIMHEHHO 3aBUCHMBI, TO
W(x)E 0 (mpotuBopeuune). IlycTs pemieHuss JuMHEHHO He3aBUCUMBL. Eciom
dx, : W(x0 ) =0, Torya pemenus y, (x),... v, (x) JUHEHHO 3aBUCUMBI (IPOTHUBOPEUHE).

Teopema. PazMepHOCTh MPOCTpPaHCTBA PEHICHUA OJHOPOJHON CHCTEMBI paBHa

HokazatenbctBo. Hamo pokazath 1) cymiecTBYIOT N JIMHEWHO HE3aBHCHMBIX
pelIeHnu OJTHOPOTHOM CHCTEMBI, 2) JI1000€ pelieHne 0 JHOPOIHON CHCTEMbI JTMHEWHO
BBIPAXKAETCS Yepe3 AT JIMHEHHO HE3aBUCHUMBIE PEIICHUSI.

1) B mo60ii Touke (xo Yo ...yno) JUIL OAHOPOJHOM CHUCTEMBI BBITIOJHEHBI YCIOBHS
teopeMbl Komm, crnegoBarenbHO, uepe3 JHOOYI0 TakKyl0 TOYKY MPOUIET

CAWHCTBCHHAA MHTCIpaJIbHAsA KpUBas — rpa(bl/n( peICHUA OI[HOpOI[HOﬁ CHCTCMBI.
3aI[aI[I/IM TAKHUC TOYKHW — HAYAJIbHBIC YCIIOBHS, KOTOPBIC II0 TCOPEMC Komm

oTpeneNsiT peLeHus
1 0 0

- 0] _ - 1| . 0

B 3il)=| L B Bale)=| ) 5,(x)=
0 0 1
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OTu peleHus JIMHENHO He3aBUCUMBI, TaK KaK W(x0 ) = =1=0.

0 0 .. 1

CyiiecTBOBaHHE N JIMHEWHO HE3aBUCUMBIX PELICHUM OJHOPOJHON CUCTEMBI
JOKa3aHo.

2) PaccMoTpuM IPOM3BOJIBHOE PEIIEHUE OJHOPOJHON CHCTEMBI f(x) B Ttouke x,

BEKTOP j(xo) pasznaraercsi 10 eCTECTBEHHOMY Oa3ucy

1 0 0
_ 0| _ 1| _ 0 - _ _
J’1(xo): ayz(xo): “'yn(x0)= Iloaromy J’(xo) :Clyl(x0)+"'+cnyn(x0)
0 0 1

Paccmotpum pemerne y(x) = C, ¥, (x)+...+ C,y, (x) - mineiinyio KoMOHHAIMIO YTHX
JINHETHO HE3aBUCHUMBIX pelieHuid. OHO MMEET Te K€ HayajbHbIC YCIOBUS, YTO U

BBIOpAaHHOE TMPOU3BOJIBHOE DELICHHE j(x). CnenoBarensHo, mo Teopeme Komm
BBIOpAaHHOE TPOU3BOJIBHOE pEIlEHUE j(x) U ecThb (TOXIECTBEHHO pPaBHO)

y(x)=C¥,(x)+..+C,y,(x). TlosToMy nNpOM3BONBHOE pElIEHHE JMHEIHO
BBIpa)kKaeTcs depe3 BEIOpaHHbIE JIMHEHHO He3aBUCHMBIC pelIeHus. TeopeMa noKa3aHa.

Jliobvie N uHeliHO He3a8UCUMbBIX peuleHUti 0OHOPOOHOU CUCeMbl NPeoOCmAassiom
coboli bazuc 6 nNpocmpawcmee peuleHuli U HA3bleaAmcs (YHOAMEHmAanbHol
cucmemoil peuteHuil 00HOPOOHOU CUCTEMDbI.

Marpuna Y (x), COCTaBJICHHAs M3 DTUX PEIICHUH (det Y (x))= W(x);t 0, naspIBaeTcs

dyHaaMeHTAIBLHOM MaTPpHULIEH OJHOPOIHON CUCTEMBI.
TeopeMa 0 cTpyKType 00111er0 peleHus OJHOPOIHOH CUCTEMBbI.

OO6miee penieHME OJHOPOJHOW CHCTEMBI MPEACTABISIET COOOW JIMHEHHYIO
KOMOHMHAIINIO pelieHni (pyHI1aMeHTaIbHON CUCTEMBI PEIICHUN.

0ol®)= C, 3 (x)+..+C,7,(x).
JlokasatenbctBo.  IIposepum, uro ¥, (x)=C,¥,(x)+..+C,y, (x) spnsercs
00LIMM peleHHeM, UCXOs U3 OIpe/ieeHNs OOLIEro pereHus.
1) y,(x)=C¥(x)+..+C,y, (x) - pemenne oIHOPOHOH CHCTEMBI KaK
JMHEeHas KOMOUHAIUS ee pellleHui (TeopeMa o CBOICTBaX pelleHuit).
Yoi
2) 3agamyM NpOU3BOJIbHBIC HAYaTbHBIC YCIOBUA YV, =| ... | ¥ HOKaXeM, YTO

yOn

MOKHO €IMHCTBEHHBIM 00pa3oM BblOpaTh Habop koHctant C,,..C,, npu

n’
KOTOPOM y,.(x,)=C 3 (x))+..+C, 3, (x,)=p,. Bammmem 570
COOTHOIICHHE IMOKOOPJMHATHO KaK CUCTEMY YPaBHEHUH OTHOCHTENIBHO
c,...C,.

Clyll(x0)+"'cnynl(x0): Yoi
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Clyln (XO )+ "'Cnynn (XO ) = yOn
OmpenenuTens 3TOM CHCTEMBI PaBEH W(x0 ) # (0, Tak KaK pELICHUs JIMHEHHO

HesaBucuMbl. [lostomy Habop koHcTanT C,..C, oOIpelensercs W3 CUCTEMBI
yYpaBHEHUI €JMHCTBEHHBIM 0Opa3oM. Teopema oka3aHa.

CaeacrBue. OO01iee peleHne 0JHOPOJTHON CUCTEMBI MOYKHO 3aIMCaTh B BUJIE
Cl

}on(x): Y(X)C’ C = s
C

n

Matpuua Komm (MaTpuuuaHr).

ITycts Hamo 3ammcaTh penreHue 3anadn Komw, ynoBiIeTBOpsIonee HauaabHBIM
YCIIOBUSAM j/(xo ) =Y,

j’(xo): Vo = Y(xo)(j =C=Y" (xo);07 j’(x): Y(x)é = Y(X)Y_l (xo)j/o = K(x,xo)fo
Marpuna K(x,x,)=Y(x)Y " (x,) nassiaercsa matpuueii Komm. y(x)= K(x,x,)y, .

Teopema. @yunoamenmanvuas mampuya yoosiemeopsem  O0OHOPOOHOU
!
cucmeme, Y (x) = A(x)Y (x)
JlokazatenbcTBo. CTONOIBI PyHIAMEHTATFHON MATPHUIILI SBJISIOTCS PEIICHUSIMA
OZHOPOJHOU cucTeMbl. OOBEUHSIS 3aIUCh V) (x) = A(x)}k (x), k =1,...n B maTpuny,
MOJIyYUM YTBEPKAECHUE TEOPEMBI.

®opmyaa Ocrporpaackoro — JinyBuiuis.

W(x)= Cexp (.[ TrA(x)dx) =W (x, Jexp jTrA(x)dx . Trd(x)=a,,(x)+ ay(x)+..+a,,(x)

Yo

BriBenem dopmyny Octporpaackoro — JImyBusis.

OyHIaMeHTanbHAs MaTpUlla CHCTEMbI SBIISETCS pEUICHHEM OIHOPOIHOU
cucTeMbl. 3anuiieM ypaBHeHue i K —ro crosbia ¢pyHaaMeHTalIbHOW MaTPHUIIBI —
KOOpAMHAT peleHus y,

Vi Ay e Ay | Yy

yk anl b ann yk,l

Orcrona y,, =a, v, + oV, +-ta, Y,

3anuiieM omnpenenutens BpoHckoro u npoauddepeHuupyeM ero, noacTaBiss
BMECTO MPOU3BOJHBIX KOOPAUHAT PEIICHUN MOJTYYE€HHOE COOTHOLIEHHE.
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Y Yor o VYm i Vi e Vi

w(x)= W'(x)= +..
Yinct Vonaa o Vana Yinct Vonaa o o Vana
yln y2n ynn yln y2n ynn
Y Yar o Vi Y Yo o Vi
+ !’ ! ’ + =
Yinet Vona o Vanaa| Vinat Vo o Vuua
! / ’
yln yZn ynn yln yZn ynn
apyy tapy, +..a,y, a4y, tany, t..ay,y,, o any, t..ta,y,
+
yl n—1 y2 n—1 yn n—1
yln y2n ynn
Y Va1 Y1
.4 N
an—llyll + "'an—lnyl n an—11y21 + "‘an—lnyZ n an—llynl + "'an—lnyn n
yln y2n ynn
Y1 Va1 Y1
Yina Yana Y n-t
anlyll +"'anny1n an1y21 +"'anny2n anlynl +"'annynn

(pactiuceiBasi B CyMMY OIpeAeiuTeNell, y4WuThiBas pPaBEHCTBO HYIIO
onpeeNnuTeNel ¢ OUHAKOBBIMU CTPOKAMH)

Qb G - Al Vi Yai SENE 91
L S

Yinat Yo o Vana Yina Yonat o Vuna

yln yZn ynn annyln annyZn annynn

(a11 +..+ ann)W(x).

ITosmyyeHo cooTHOLIEHHE W'(x) =T rA(x)W , rne T rA(x) =a, 1(x)+ ..ta,, (x) -
caeq MaTpulbl cucreMbl. Otcrona umeem Gpopmyiy Ocrporpazackoro — JInyBus.

W(x)=Cexp U T rA(x)dx).

3amMeTHM, 4TO 3Ty (OPMYIly MOXKHO IOJIy4UTh KaK CJIEACTBHE M3 TEOPEMBI
JInyBumnis o ¢pazoBoM oObeMe.

Teopema 0 cTpyKType 00111ero pelieHnsi HeOTHOPOAHOH CHCTEMBbI.

Obwee pewenue HeOOHOPOOHOU CUCEMbl PABHO CYMMeE 00ujeco peuieHus
OOHOPOOHOU cUCmeMbl U YACMHO20 peuleHUs HeOOHOPOOHOLU CUCEMbI.
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Fould) = 4, (x)+ 3., (x)

Jlokasarenscto. 1)y, (x)=7, (x)+¥,(x) - pemenne weomHOpOmHOI
CUCTEMBI 10 TEOPEME O CBOMCTBAX PELICHUM.

2) 3aj1aMM TIPOM3BOJEHBIE HavaNbHbIE yenoBus ), (X, )= ¥, . BeiGepem kaxoe-
GO YaCTHOE pelleHHe HEOJHOPOJHOE CHCTeMBbI ¥, (X)W BBIMHCIMM I8 HEro
HauaneHBle  ycmoBus B x,  y,(x,). CocraBuM cucreMy  ypaBHeHmii

y,.(x,)=7,,(x,) = 9., (x,) = ii n3anumem ee MOKOOPAMHATHO.

C1y11(x0)+-"+ Cnynl(xo): U

Cn, (xo)+ -t Gy, (xo ) =u,

Onpenenurens TOW CUCTEMBI — ONpeAeNuTeNlb BpoHCKOTO, OH HE paBeH HYIIIO,
Tak KaK COCTaBJIEH M3 JIMHEIHO HE3aBUCHUMBIX pPEIICHUH, COCTABIISIFOIINX
(GbyHIaMeHTalIbHYI0 cucTeMy pemieHuid. CrenoBaTenbHO, HAOOpP KOHCTAHT U3 ATOMU
CHCTEMbI ypaBHEHHI ompenensieTcs oJHO3HayHO. Teopema TokazaHa.

Metoa Bapuanuu Npou3BOJIbHOH IOCTOSIHHOM.

O6miee pereHne 0THOPOTHOM CUCTEMBI MOKHO 3aIlMCaTh B BUJIE
}oo(x)= Y (x)C, rae Y (x)- dbyHIaMeHTalbHass MaTpuiia cucteMbl, C - BEKTOP

MIPOU3BOJBHBIX MTOCTOSTHHBIX.
bynem uckath penieHue HEOTHOPOJHON CUCTEMBI B TOM K€ BHUIE, Bapbupys
BEKTOP MPOU3BOJIbHBIX OCTOSHHBIX:

Foulx) =Y (2)C(x).

Brruucnsiem mnpouw3BOAHYIO M TIOJACTABIISIEM B ypaBHEHHE HEOJHOPOIHOM
CHUCTEMBL:

Poux) =Y (x)C(x)+ Y (x)C'(x),
Vo) = Y'(x)C(x) + Y (x)C'(x) = Ay (x)C(x)+ £ (),

Tak xax QyHIaMeHTaIbHAs MAaTPULA yHAOBJIETBOPSAET YPAaBHEHHIO OJIHOPOJHOM
CHCTEMBL, TO Y ’(x) = A(x)Y (x) [TosToMy B mpezplaynieM ypaBHEHUU (Kak M BCErza B
METO/IE BapHalliM) COKPAIaeTcs napa cnaraeMeix. IlorydaeMm ypaBHeHHe

Y(x)C'(x) = f(x) Tak kak ¢ynnameHTanpHas MaTpula HE BBIPOXKJEHA
(det Y(x)=W(x)#0), To oTciona moiydaeM ypaBHEHHe JUls OTPEEEHHs BEKTOPA

C(x):
C'x) =1 (x)f (x).

I/IHTerI/IpyH nonyqaeM
jY x)dx+C (3aeck mpearnosiaraercsi, 4YTO IPU BBIYUCICHUU

MHTErpaa BEKTOp KOHCTAHT He J00ABIAETCs, OH yike 100aBieH B Buae Bektopa C,).
HO,ZLCTEIBJ'IHH B )70”, uMeeM

F () =Y@) ([ () (o) + €, )= Y (x)C, + Y ()] ¥ (x) f ().
31ech B MOJHOM COOTBETCTBHU C TEOPEMOM O CTPYKType OOLIEro peleHHs
HEOJTHOPOJIHOM CHCTEMBI IMEpBOE CllaraeMoe MpeJCcTaBlsieT coOoi olliee perieHue
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OHHOpOHHOfI CUCTCMbI, @ BTOPOC CJIaracMo€¢ — 4YaCTHOC PCIICHHC HCOI[HOpOI[HOﬁ
CUCTCMBEI.

Jlekuusa 22. OpgHopoaHble cucTeMbl JIMHEHHBIX AudepeHnnaNbHBIX
YPABHEHHUI1 ¢ MOCTOSSTHHBIMHU K03 pUIIUeHTaMU.

Cucrema nuHEHHBIX JUPQGEpPEHIUATBHBIX YPAaBHEHUM C IMOCTOSIHHBIMU
Kod((UITMEHTAMHU MOXET OBITH 3alHCaHa B BUC

a4y, i

y'=Ay,tne A=| ... ... .. |, y=| .. | (BekropHas hopma 3amucH)

nl ann yn
niin

4 J—
=ay t..ta,y,

[oxcraBnsiss y B ypaBHEHUE CUCTEMBI, MOJTydaeM

Ae*a = Ade™a, e™(4a—Aa)=0, Ada=Ad.

[TomydeHo ypaBHEHHE MJIsl OINPENEIICHUS COOTBETCTBYIOIIETO COOCMBEHHOMY
3HaueHuto A cobcmeennozo éekmopa d (o # () IWHEHHOTO omepaTopa C MaTpPHUIICH
A . Cucrema ypaBHEHUI

Adi=a wm (A—E)a =0

UMEEeT HEHYJICBOE pEeIICHHE TOJBKO, KOTJa OINpPEICIIUTENIb CUCTEMbl pPaBEH
HYJIIO, T.€.

|A—2E|=0.

OT0 —  XapaKTepuCTH4YecKOe  ypaBHeHHE  CHCTEMbl  JIMHEWHBIX

g depeHnnanbHbIX YpaBHEHUN ¢ MOCTOSTHHBIMU KO3 dunnentamu. B pazBepHyTOoM
BHJIE €r0 MOYKHO 3alKcaTh Tak:

a,—-A a, .. a,
as a,, —A4 a,,
=0.
anl anZ ann _/1

XapakTepucTU4YEeCKOe YpaBHEHHME TMpeACTaBlsieT coboil anredpamdeckoe
ypaBHEHUE 7 - IO MOpsKa OTHOCUTENbHO A. M3 OCHOBHOW Teopembl BbICHIEH
anreOpbl MU3BECTHO, YTO OHO MMEET POBHO # KopHed. YacTh KopHEH MOXKET ObITh
oeticmeumenbHbIMy KOPHSAMH, YacTh - KOMIUIEKCHBIMH, HO KOMILJIEKCHBIE KOPHH
BCTPEYAIOTCS TOJBKO HAPAMU KOMNIEKCHO-CONPANCEHHbIX KOpHel. JTO CIeAyeT W3
JNEUCTBUTENHFHOCTH KOI(PQPHUIIMEHTOB XapaKTEPUCTUUYECKOTO YpaBHEHHS U TEOPEeM
Buera.
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1) Paccmotpum ciydail, Koraa Bce coOcmeenHvle 3Havenuss A, A TAHEHHOTO

omnepatopa ¢ matpuledl 4 (WIM BCEe XapaKTEpUCTUYECKHE YMCla MaTpullbl A, 4To
OJIHO U TO K€) Oelcmeumenbhbl U paziuiHul.

W3 nuneiiHON anreOppl M3BECTHO, YTO JCHCTBUTENIBHBIM  Pa3IHYHBIM
COOCTBEHHBIM ~ 3HA4YEHWAM A, A, COOTBETCTBYIOT  JIMHEWHO  HE3aBUCHMBIC

n

COOCTBEHHBIE BEKTOPHI &',...,&" , KOTOPblE MOHO OMNpPENENUTh 10 COOCTBEHHBIM

3HaYEHHSAM U3 CHCTEMbI ypaBHEHUIT
Ad=Ad wm (A-E)a=0.
B pa3sBepHYTOM BUJE 9TH yPaBHCHUS JUIs A, (' MOXKHO 3aIlMCATh B BHJIC

k
a,—A .. a, a, 0

n

k
a, a,, — 4 \a 0

n

Tenepp pelmIeHWsT CUCTEMBI JIMHEMHBIX OJHOPOJIHBIX YPaBHEHHH C
MOCTOSIHHBIMU KO3 duiimeHTaMmu OyayT

y=eMal,... .y =e"a".

[IpoBepum, 4YTO pemieHUs SBJISIOTCS JUHEWMHO He3aBUCUMBIMUA. (CoOCTaBUM
onpenenuTens BpoHckoro

n 1 n

o Y e .
W=|.. o =l o exp(4 +..+2,)X)#0, Tak Kak BEKTOPHI

1 n 1 n

Vo e Vil o, o«
=1

a,...,Q" TMHEWHO HE3aBUCHMBI W ONpEACTHUTEIh W3 KOOPAMHAT OSTHX BEKTOPOB
OTIIMYEH OT HyNsa. Tak Kak ompenenuTenb BpoHCKOro oOTiaHYeH OT HyJs, TO
MOJIyYCHHBIE PEUICHUS JIMHEHHO HE3aBUCHUMBI. Tak Kak 3TUX PEUIEHU POBHO N, TO
OHHM COCTaBIISIOT (yHIAMEHTaJbHYIO cuctemMy pemeHuil. CrenoBarenbHo, obiiee
pelIeHrne CUCTEMBI JIMHEHHBIX OJTHOPOIHBIX YPaBHEHUIH MOXET ObITh 3alMCaHO B BUJIE

Yoo =C Y +..+C, 3, =) Ce™a.

k=1

xX=x+4y 1 4
ITpumep. . , A= :
y=x-2y 1 -2
1-2 X
|4—2E| = =2 +21-6=0, A =-3 A, =2
1 -2-1
4 4\ o 1
A =3, “l=o, a =-a,, a' = :
1 1\ -1
-1 4 2 4
A, =2, % =0, o =4a;, a’ =| |,
1 —-4)\al 1
1 4
y,, =Ce™ . +C,e” |
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2) Paccmorpum ciydad, KorJa cCpeau KOpPHEH XapaKTepHCTHYECKOTO
YPaBHEHUsI MMEIOTCSA S TIPOCTBIX KOPHEH A4, A .
DTOT ciydall JIETKO CBECTH K mpensiaymiemy. Jims Kaxaoro cOOCTBEHHOTO
3HAYEHHS (XapaKTEPUCTHYECKOTO YHCIA) A,  OTBHIEM COOCTBEHHBIH BEKTOP at wms
CUCTEMBI YPaBHEHHUU

k
a,—A .. a, a, 0

k
a, —A4 \a 0

n

a,
3areM HaiiJieM COOTBETCTBYIONIME UM PEIICHHUs U3 QYHIaAMEHTAIBHOM CHCTEMBI
pemennit y' =e*a@',....,y" =™ @* u3ammmem oblee peleHne B BHIE
V=t CY+..+C Y +....

Bes pa3nuna ¢ npeaplayyM ciydyaeM B TOM, YTO (DyHJIaMEHTallbHas cucTema
pelIeHui HE WCYEPIBbIBACTCS HAWJIECHHBIMHU PpEUICHUSIMH, €CTh €II€ pPELICHUs,
COOTBETCTBYIOIIME APYTUM KOPHSAM XapaKTEPUCTUYECKOTO YPAaBHEHHS.

3) Cpenn KOpHEH XapaKTEPHCTHYECKOTO YpaBHEHHS WMEETCS MPOCTas mapa
KOMIUIEKCHO CONIPSDKEHHBIX KOpHEH 4, , =y £iff.

CripaBeaniuBo  ymeepoicoeHue, KOTOPOE Mbl NpuUMeM 0e3 J0oKa3aTesIbCTBA:
npocmoul nape KOMNIEKCHO CONPANCEHHbIX Kopheu A, =y tiff coomeemcmeyem

napa KOMIJIEKCHO CONPANCEHHbIX COOCMBEHHBIX 6EKMOPO8 U T iV .
3anumiem GopMabHO COOTBETCTBYIONTYIO TTAPy PEIICHUIA:

P =€ (i +iv) = e (cos B+ isin B)ii +iV)=

™ [(ii cos A — vsin fc)+ i(ii sin fx + v cos fix)]

OTH pelieHrs KOMIUIEKCHbIE. BMecTo HUX MBI (10 JIMHEHMHOCTH U TeopeMaM O

CBOMCTBax perieHuin) MOKEM B34Th pelieHus
— 1 = = — - . = 1 = = - . -
V= E(yl +y2): e’“(u cos,Bx—vsm,Bx), V, = ?(y1 —yz): e’“(u smﬂx+vcos,8x)

i

OO1wee pemeHre MOKHO 3aIMCaTh B BUJIE:
Vo =+t C Y +Cyp, +.....

X=x—-y I -1
[Ipumep. < . , A=
y=x+y I 1
-4 -1 5
[4-2E]= =2 -2A+1+1=0, A,=1=%i.
I 1-2 ’
(i -1\« (i L, (i (0 .
A =141, =0, , o~ = , y=Lp04=1, u=|_|v
-i\a, 1 1 1
=1 t 0 1) . =2 t 0] . 1
=e cost—| |sint|, Yy  =e sint+| |cost|,
1 0 1 0

S LT O .| —C,sint+C, cost
= + =e

Yoo =TV T2 C, cost+C,sint

x=e'(=C,sint+C, cost)

y=e'(C cost+C,sint)
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4) Cpenu KOpHEH XapaKTEpHCTUYECKOI'O YPaBHEHHSI BCTPEYAIOTCS KpaTHBIC
JEMCTBUTENbHBIE KOPHU WJINM KpaTHbIE Mapbl KOMIUIEKCHO COINPSKEHHBIX
KOpHEH.

OTOT ciydail MBI HE MOKEM PacCMOTPETh MOAPOOHO, TaK KaK MOKa B Kypce
MaTeMaTUKU JIsi UH)KEHEPOB HE paccMaTpUBaeTCs XOpaaHoBa (popma MaTpuIbl, a
MMEHHO K MAaTpHIe C >XOPJAHOBBIMH KJIETKaMH B OOLIEM CIly4ae NPHUBOIUTCS
MaTpHlla CUCTEMBI (XOTS MaTpHIla MOXKET IMPUBECTUCH U K JUArOHAIBHOMY BHUAY, U
npoOJeMbl 3TO HE CHHUMAaeT). YKaXeM TOJBKO aJITOPUTM  JICHCTBUH IS
JEMUCTBUTENIBHOTO KOPHS (MM Hapbl KOMIIJIEKCHO CONPSDKEHHBIX KOPHEN) KPaTHOCTH
I. AJITOPUTM ATOT OCHOBAH Ha JIBYX TeOpeMax.

Teopema. CyiecTByeT cuctema U3 N IMHEHHO HE3aBUCUMBIX BEKTOPOB

— — kg,
a'...a"" | ynoBneTBOPSIOMNX COOTHONIECHHAM

A&kl :ﬂ,k&kl

A&qu :j’k&qu +5¥qu4

*2 @™ - mpucoeIMHEHHbIE BEKTOPHI, TIOPOKICHHBIE COOCTBEHHBIM

Bexropsr a"“..a
BEKTOpPOM @*', g, - KpaTHOCTb KOpHA A, , CyMMa ¢, JUlsl Pa3IMYHBIX KOpHe# A, paBHa
n.

Teopema. KaxxoMy KOpHIO A, COOTBETCTBYET ¢, PELICHUI BUA

=kl —kl
yo=ae™

J—;kZ — (C_ikz _}_x&kl)eﬂ%x

—1
qu

(q kT 1)!
JIJIs KaXJI0ro KPAaTHOTO KOPHS HAJA0 HAWTH MPUCOCIUHCHHBIC BEKTOPHI IO
MIEPBOM TEOpeMeE U IMMOCTPOUTH PEIICHHUS 110 BTOPO TEOpEMeE.
Ecnu mopsiiok CUCTeMbI MaJl, TO MOYKHO JICHCTBOBATH ITPOIIIE.

[Tyctp MaTpuia (A —AE ) JUI KOPHSI, KPaTHOCTU » OyJeT UMETh paHr n—r .

9T0 O3Ha4YacT, 4YTO i1 HAAHHOI'O KOPHA MOXKHO HO,Z[O6paTB I JMHEHHO
HE3aBHCHUMBIX COOCTBEHHBIX BECKTOPOB M, COOTBECTCTBCHHO, I JIMHEHHO HE3aBUCHMBIX

peleHnii Buaa y = e™d B QyHIaMEHTANbHOH CHCTEME PelleHH il

by ~ kg -1

yre = (@ +xa" " .+ ayet

X=y+z 0 1 1

I[Ipumep. y=z+x, A=|1 0 1

Z=Xx+y 1 1 0
3aMeTuM, YTO MaTpulla CHMMETpPUYECKasi, OHa MPUBOAUTCA K JUArOHATHLHOMY
BUJly OPTOTOHAJBHBIM IMpeoOpa3oBanueM. CreaoBaTenbHO, COOCTBEHHBIE BEKTOPHI
MO>XHO BBIOpaTh OPTOTOHAJBHBIMHU, TaK Kak MMEHHO B 0a3zuce M3 COOCTBEHHBIX
BEKTOPOB MaTpHIla MMEET AMAaroHalbHBIM BUJ, a OPTOrOHalIbHOE MpeoOpa3oBaHHE

MEPEBOAUT OJJMH OPTOHOPMUPOBAHHBIN 0a3uC B JPYTrou.
3anuIueM XapakTepUCTUUYECKOE yPaBHEHUE U HAWJIEM €70 KOPHH.
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=-2 +31+2=—(A-2)A+1)’ =0, A, =2, A,,=-1

1 1 -2
-2 1 1\« —2a) +a, +a; =0 1
A=2, |1 =2 1 |e&|=0,a -20,+0;=0 o =a,=0a;, a =|1]|.
1 1 -2)e al +ay —2a,=0 1

' =e¥1].
1
1 1 1Ye
A=-1 |1 1 1|ea,|=0 a +a,+a;=0. KparHocTe KOpHA paBHa 2.
1 1 1\e,

Panr matpunp! paBer N-r = 3 — 2 = 1. 13 moxy4eHHOTO ypaBHEHHUs MOXKHO BBHIOpAThH
KOOpPJMHATHI ABYX JTUHEITHO HEe3aBUCUMBIX BeKTOpoB. Hampumep,

-2 0 -2 0
a’=| 11| a =1 |.Tormay>=e’| 1 || p=e’| 1
1 -1 1 -1
1 -2 0
y,,=Ce*|1|+e’|C)| 1 |+C,| 1 ||umm
1 1 -1
x=Ce" -2Ce”"

y=Ce* +Cre +Cie".
z=Ce* +Cre' —Cye”’

Eciau peiicTBUTENIPHOMY KOpHIO A, KpatHOCTH [ cooTBeTcTBYeT M(M<r)
JUHEITHO HE3aBUCUMBIX COOCTBEHHBIX BEKTOPOB, TO PELICHHE HAZI0 UCKATh B BUJIE

- ux (= — 2 .
yzekx(w1+xwz+x Wy +..xTw

r—m}"*

Koopaunatst BEKTOPOB
w,, k=12,.r—.m OTBICKMBAIOTCS IyT€M I[IOJICTAHOBKH pELICHUS B CHUCTEMY

muddepeHInaTbHbIX  ypaBHEHUH W NPHUPaBHUBAaHUA  KOA(D(OUIMEHTOB  IIpH
OJIMHAKOBBIX CTETICHSX X.

{x =3x+4y
IIpumep. < .
y=—x-y

=X -2A+1=0, A, =1, Rang(4-IE)=1

3-4 4
-1 —-1-2
x=(4+Bt)e', y=(D+Kt)e'. ToactaBum X, Y B CHCTEMY YpaBHEHHI,

npupaBHAeM KOd(QPUIMEHTH PH €', fe’ B KaKIOM YPaBHEHUH, TOJYYUM CHUCTEMY
ypaBHEHUH JJIS ONpeesICHHs] HEOTIPeIeNeHHBIX KOA(PPHUIIMEHTOB
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A+B=34+4D

B=-2K
B=3B+4K , OTKyJa HOJIy4HM . MoxHO BBIOpATH,
Y A PR, P
D+K=-4A-D
HaTpuMep,
1)B=K=0,D=1,4=-2,torna x=-2¢', y =¢' wm

2)D:%,K:—1,A:O,B:2, Torga x = 2t e’,y=(%—tjet.

Jleknum 23-24. YCcTOWYHUBOCTDH JABUKEHHUS, KIACCH(PUKAIHUA TOYEK TMOKOS,
Teopembl JIanyHoBa.

PaccmoTpuM HenuHelHyto cuctemy nuddepeHIalbHbIX YpaBHEHUN, 3alluIIeM
€€ YpaBHEHHUsI B BEKTOpHOU popme

x=f(%,1)
WU B KOOPJIMHATHOM (hopme

X, :fk(xl,...xn,t) k=1,..n.

B kxauecTBe He3aBUCHUMOI TepeMeHHOUN BBIOpaHO Bpems {, mo3TOMYy cHcTema
mudpdepeHnnanbHbIX ypaBHEHUN SIBISIETCS MOJENbI0 HEKOTOpOro Impolecca —
W3MEHEHUs TIepeMEHHON J?(t) BO BpPEMEHH WU OBUICEHUS MAMEPUAIbHOU MOYKU,

3aHuMarolneil B (ha30BOM NPOCTPAHCTBE TeKyllee MONOKEHHE (x,,..X,) H

Loeee X,
M3MEHSIIOIIEN 3TO MOJIOKEeHHE ¢ u3MeHeHneM Bpemenu t. Takum oOpazom, dsuorcerue
— 3mMo YacmHoe peuteHue cucmemvl OudepeHyuanbHuix ypagHeHul.

3aa MM HEKOTOpbIE HAyallbHbIE YCIOBHSA f, fc(to): X,. IlycTp BBIIOTHSIOTCS
o

ycioBus teopembl  Komm  (HempepbIBHBI  f, 3
X
s

k=1.n s=1.n B

paccmarpuBaeMoiri obnactu). Torma depes mo0yr0 TOUKY pacmIupeHHOTo (a3zoBoro
MIPOCTPAHCTBA (to, Xopeer xOH) U3 pacCMaTPUBAEMOU 00JIACTH MPOXOJUT €IMHCTBEHHAS

MHTEerpaibHas KpuBas — rpayK 4acTHOro pemeHus X(¢,1,, Xy, ..X,, ). HazoBem
JIBIKEHHUE, «HAYMHAIOMIEECH» B TOUKE (f,, Xo,... X,, ) HEBO3MVUJCHHBIM OBUIICEHUEM
X(t, ty, Xy X, ). ECIIH «BOBMYTHTB» — HECKOJIBKO M3MEHHThH HAYATHHBIC YCIOBHS B
($a30BOM MpPOCTpaHCTBE, BHIOpATh HUX (to,)?m...)?()n), TO M3MEHUTCS U JBHXKEHHE.
HasoBeM [IBIKCHHE, HAUMHAIOIIEECS» B TOUKE (fy, Xoy... Xo, )s BO3MYUICHHBIM
o8udICeHUEM fc(t, | R ) Ecin Bo3MyIlleHHEe HaYallbHBIX YCIIOBUI HEBEIMKO, TO

B HCKOTOpOﬁ OKpPECTHOCTH Ha4aJbHON TOYKH TPACKTOPHUH — ABMIKCHUS TOXKE OJIH3KH.
CnpaBez[JmBa meopema O HenpepvleHoCmu peuleHusl no Had1aaibHbiM YCIOBUSAM.
HYCTL BBIITOJIHCHBI YyCJII0BUA TCOPCMBbI Komm. TOFI[EI

Ve>035(s)>0, |ka —x0k| <6 = |xk(t, Los Xopoeee Koy )= X, (£, £y Xgyomn- xOnX <&
npu (k =1,...n), 1] < 5(e)

Orcrofa BUIHO, YTO OIM30CTH BO3SMYIIEHHOTO U HEBO3MYIIEHHOTO IBM)KEHHUM
TapaHTUPYETCS. 8 HEKOMOPOU BPeMEHHOU OKPeCmHOCMU, pasmep KOMOopou 3a8ucum

om pasmepoé mpyoxKu — okpecmHocmu («oonycka») 8 ¢hazoeom npocmpancmee
KOOpOUHam.
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OnHako B TpPaKTUKE BCTPEYAIOTCA TPOIECCHl, JJIsI  KOTOPBIX  HAaJo
rapaHTUPOBATH OJIM30CTh BO3MYILEHHOTO U HEBO3MYIICHHOTO JBWXEHHUN «BOOOIIE»,
npu J1r000M Bpemenu t > T (BakHO, 4TOOBI CYIIIECTBOBAJIO 3TO HEKOTOpOE T).

Hanpumep, 3amycTHB CIIyTHUK Ha OpOHTY, MOJIE3HO OBITH YBEpEHHBIM, YTO OH
HEe cBaJuTCs HaMm Ha rojioBy uepe3 10 unm 100 ner, a Oyzner «BEYHO» HAXOAUTHCS HA
opowure.

B nHame Bpemsl MPHUXOIHUTCS CTAIKHBATBHCA C IKOJOTHUECKHUMH IpoOiIeMaMu.
Kro e 3HaM, KOHCTPYHPYsI ABUTATEh BHYTPEHHETO CTOPAHUs, YTO Yepe3 HEKOTOPOe
BpeMsl HCIOJB30BAHUE 3TOTO OTKPBHITUS  IMOCTABUT IO/ Yrpo3y CYIIECTBOBAaHHE
KU3HU Ha 3emie?

PaccmarpuBast OM30CTH BO3MYIICHHOTO ¥ HEBO3MYILEHHOTO JIBIKEHHMA
«BOOOImIE», mpu J0b0oM BpemeHu t > T , MBI HpPUXOAUM K OIPEICICHUIO
YCTOYMBOCTH ABHKeHUs Mo JIsimyHOBY.

JIBM>KEHUE HA3BIBACTCS YCMOUUUBbIM no JIanyrnosy, ecnu

Ve>036(e)>0, 3T :|xy —Xou|<F =[x, (8 tgs Xgpoeer Ko )= %, (E 0, Xg 10 X, | < €

npu (k=1,..n), Vt>T
CMBICT ompesieNieHHust B TOM, 4TO JUIS JFOOOTO pa3Mepa OKPECTHOCTH «JIOIycKa» (10
($a30BbIM  KOOpAMHATaM) HEBO3MYIIEHHOIO JBUKEHHSI CYILIECTBYET pa3Mep
OKpPECTHOCTHU, B KOTOpOﬁ MOXHO «BO3MYTUTH» HaAYaJIbHBIC YCIIOBUA. HpI/I'-IeM 9TO
BO3MYIIICHHAE TIPUBEAET K TOMY, YTO BO3MYILIEHHOE ABIDKEHHE MOCIE HEKOTOPOTO
MOMEHTa BpeMEeHH T BOHAET B OKPECTHOCTh «IOMYyCKa» W OCTAHETCS B JTOM
OKPECTHOCTH Tpu Jrodom t > T,

Ecnu newkenne ycroitanso 1o JIsmyHOBY 1 lime‘)?(t, fo> %, )— (¢, t,, )?OX =0,

TO TaKO€ JBUKEHHUE Ha3bIBACTCS ACUMNIMOMUYECKU YCIOUYUBBIM.

Ecnu nBukeHne acUMNTOTHYECKH YCTOMYMBO, TO BO3MYILEHHOE JBHM)KEHUE C
POCTOM BPEMEHHU CTPEMUTCS K HEBO3MYILIIEHHOMY.

JIBM>KeHUE HA3bIBACTCS HEyCmouduguim no JIanynosy, eciu

>0V 8(g)>0, 3T, Else[l,n]:|x0k —Xy|<6 =
X, (t, Loy Xopoeer X )—xs (t, Los Xopoen xOJ > & npu (k =1.. n), Vt>T
CMBICT 3TOTO ONpEeneNieHHs: B TOM, YTO Kak Obl HU OBUIO Majio BO3MYIICHHE
HayvalbHBIX YCIIOBUH, BCE PaBHO CO BpEMEHEM XOTs Obl 1O OJHON KOOpAMHATE
BO3MYIICHHOE JIBXKCHWE BBIMIET M3 HEKOTOPOW OKPECTHOCTH  «JIOIYCKa»
HEBO3MYIIIEHHOTO JIBIKCHHUSI.

Teopema. 3aoaua 06 ycmouiuusocmu 08udiCeHUsT Modcem Oblmb C8eOeHd K
3a0aye 06 yCmouyu8oCmu MpusUaIbHO20 (MOACOECHBEHHO PABHO20 HYI0) peuleHUs
cucmembl.

HoxkazatenbctBo. O003HAUUM Z = 55(1‘, Lo, J:CO )— )?(t, ty, X, ) Torna

Z= fc(t, o, ):co)— X, 1., %)= [t Sc(t, ty, X, )) — f(t, %(t, t,, X, ) =
F@,E+x(tt,, %)) - f@t, %t t,, %, )

Ipu Z(¢)=0umeem Z(¢)= 0, mosTomy 3a1aua 06 YCTOHYMBOCTH IBIKEHHS JUIs

MCXOJHOM CHCTEMbl YpaBHEHUN MOXET OBbITh 3aMEHEHA DKBHBAJCHTHOW eil 3amaueit
00 yCTOMYHMBOCTH TPUBUATHHOTO PEIICHUS AJIsi CUCTEMBI

z=ft,Z+%(,t,, %))~ f(t, %(t, 1,, %, ).
HOBTOMy O6I>I‘IHO 3apaHee JCJIIar0T YKaSaHHyIO 3aMeHy " I/ICCJ‘IeI[yIOT 3az[aqy 06
YCTOﬁqHBOCTH TpI/IBI/IaJ'IBHOFO peH_IeHI/IH.
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Taxum obpazom, 3a0aua 06 yCmouuuU8OCmMuU O8UINCEHUsL MOJicem Oblmb C8e0eHd
0/151 ABMOHOMHOU CUCEMbI K UCCIe008aHUI0 Xapakmepa ee moyku nokos X =0 (mpu
PacCMOTPEHUH CBOWCTB aBTOHOMHBIX CHUCTEM OBLIO TOKa3aHO: ecid X = (- Touka
nokost, 10 X(t)=0 - pemienue cuctemsi).

YcToiH4YMBOCTH MO MEPBOMY NPHOIHKEHHIO.
Bbynem paccmarpuBaTh aBTOHOMHYIO CUCTEMY X = f ()?)

L of
U €€ «CUCTEMY IIEPBOro MPUOIMKEHUs» X = AX, A= 8_{ |0
X

3aMeTuM, 4TO CUCTEMY MEPBOTO MPUOIMKEHUS MOKHO CTPOMTD, JIMHEAPU3Ys B
OKPECTHOCTH HYJSl 3JEMEHTbl MaTpUllbl, 3aMEHss OECKOHEYHO MaJjble 3JIEMEHTHI
MaTpHLbI 5KBUBAJICHTHBIMH.

Teopema JIssnyHoBa 00 ycTOHYMBOCTH N0 NIEPBOMY NPHUOJINKEHHUIO.

Ilyctp 1) fk(xl,...xn) HENpPEPBIBHBl U HEMPEpPBhIBHO JU(pdEepeHIMpPyEeMBbl 1O

X X

n?

Ecnu Bce coOcTBeHHBIE ymMclia MaTpUIllbl A CHCTEMBI MEPBOTO MPHOIMKEHUS
UMEIOT OTpULIATeNIbHbIE JIEHCTBUTENbHBIE YaCTH, TO TPHUBUAIBHOE pEHICHHE
YCTOMYUBO.

Ecim  xots OBl OAHO COOCTBEHHOE YHCIO HUMEET IOJIOKUTEIBHYIO
NEWCTBUTENBHYIO YacCTh , TO TPUBHAIBHOE PEIIEHNE HEYCTOWYHBO.

. . 2
X=sinx+1-cos” y

ITpumep. < )
y=x+siny
X=x 1 0
Cucrema nepBoro npuOIMKEHUS < A=
y=x+y, 11
|A—/1E| =l _1 12417 (-1 =0, A, =4, =1 TpusnagbHOE pelICHHE
HEYCTOWYHUBO.
Tpuvep. X = —sin'x +1-cos’ y
y=x-siny
X=-x -1 0
Cucrema nepBoro npuOIMKCHUS < A=
y=x-y, 1 -1
|A—/1E| = | ) =(ﬂ+1) =0, A4 =4,=-1 TpuBnanbHOE

pelieHue yCTON4YuBO.

ITockoJIbKY 1711 aBTOHOMHBIX CHCTEM AaHAJIM3 YCTOMYMBOCTH TPUBUAIBLHOTO
pelIeHuss CBOJUTCSA K MCCIIEJOBAHUIO XapakTepa TOYKU IIOKOs, TO 3Has IOBEICHHUE
pelIeHuil B OKPECTHOCTH PA3JIMYHBIX TOYEK IIOKOsS, MBI BBIACHUM TEM CaMbIM
MIOBEJICHUE TPACKTOPUMA CUCTEM.
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KJIaCCI/I(l)I/IKaIIHH TOYECK TIIOKOA Jid AaBTOHOMHBLIX CHCTEM BTOpPOro M
TPETHETr0 NMOPAAKOB.

CucreMa BTOPOro nopsjika.

3anuiiemM ypaBHEHHE aBTOHOMHOM CHCTEMBI BTOPOTO MOpsiika X = AX
X=a,x+a,y X 0
] . Touka nokos =
y=a,x+ayy y 0

1. Kopnu xapakmepucmuueckozo ypasnenus A,, A, OelicmeumensHul..

x
=CeMa' +Cea’
Y
a) 4, <0, 4, <0.

Ilpu t — o x(t)—)O, y(t)—)O. ITosToMy TOYKa MOKOSA (MM TPUBHAIBHOE
pelIeHne) aCHMITOTHYECKH YCTOMYHBA.
3aMeTHM, YTO MEPBOE CIAraeMOE — HTO MPOEKIMS TPAEKTOPHH HA OCh &',

BTOpOE CllaraeMoe — MPOEKIUS Ha OCh &2 a’.

Takas Touka MOKOsI Ha3bIBAECTCS
YCTOMYHUBBIN y3eJI.

v

6) 4, >0,4,>0.

DTOT clly4ail MOXHO paccMaTpuUBaTh Kak NPEIbIAYIINMN,
eciu popMmanbHO monoxuTh t < 0. [losyuyum Te xe TpaekTopuu, YTO U B M. a), HO
CTpeJKU Ha HUX OyAyT HampaBieHbl B JAPYrylo cropoHy. HampapiieHue nBuxeHHe
apyroe (t<0). Takas TouKa Ha3bIBACTCS HEYCTOMYMBBII y3eJl.

B) 4, <0,4, >0.
I1o BeKTOpY @' MBI, HAXO/ACh HAa TPACKTOPHMH, CTPEMHUMCS K HYIIIO, TI0 BEKTOPY
a’, Hao6OPOT, yaansgeMcs OT HyJIs.

Takast Touka Mokos - ceaJio.

r) A4 >0,4, <0.

9TO0 — TOXKE CCJI0, HO CTPCIIKH

HampaBJIeHbI B IPYT'yI0 CTOPOHY. \\ /ﬁ

Tpaekropuss mNpuwKUMaeTca K TOM OcCH, A KOTOPOU
MO/IyJIb XapaKTE€PUCTUUECKOT0 YU CIIa MEHBIIIE.

Ceona — neycmoiiuugvle moyku NOKOs..

3aMeTHM, B CHUTyalusX Yy3JIOB M ceajga TpaeKTOpus, HadaBIIUCh B
OIIPENIETICHHOM KBAJIPaHTE, B HEM U OCTAETCH.

v
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mA=4=A.
Touka MoKosi — IMKPUTHYECKHH y3eJl, _//\
Yceronuuseiil npu A < 0, HeyCcTOMUMBBINA ITpu A > 0

— >
e) 4, <0, 4,=0 D —
_— >
Touka MOKOS - BBIPOKAECHHBIN y3eul, npu A, <0 ycroiiuuas, HO

HE aCUMIITOTHYECKH ycroiuuBad. Ecom A, >0, To Touka MOKOS - HEyCTOH4YMBas
(cTpenku HampaBieHbl B OOpaTHYIO CTOPOHY)
x) A4, =0,4,=0. Touka Oe3pa3inyHOro paBHoBecusi. lIpu u3MeHeHHH

x(¢ — -
BpeMeHn mobas Touka ) =C,a' +C,a” ocraercs Ha MeCTe. DTUMHU TOYKAMH

¥(t)

3aIll0JIHEHA BCA IIJIOCKOCTD.

2. Kopnu xapakmepucmuyuecko2o ypasHeHusi KOMNJIEKCHO CONPSNCEHHbLE.
)*1,2 =yxif
X
y
[Tapamerp t wMmeer cMBICT yIyIa TOBOPOTAa BOKPYr Havaja KOOpauWHAT (B

MIEPUOANYECKON COCTABIISIONICH).
a) Eciny <0, To TpackTopus MpUOIMIKASTCS K HadaTy KOOPIAMHAT C pOCTOM t

= e"[C, (i cos it — v sin fit)+ C, (i sin Bt + v cos fit )]

(ciupans), Tak kak e’ - yobiBaromas (GyHkuusa. Toyka MOKOs yCTOWYHBBIA (POKYC
ACUMITOTUYECKH YCTOWYNBA
0) ecmu y >0, TO TpaeKTOpHUs yAAIsIeTCS OT Hadaja KOOPAUHAT C POCTOM t

(ciupainsb), Tak Kak e’

dokyc HeycTolUMBa
B) ecnu ¥ =0, TO TpaeKTOPUU MPEJCTABIAIOT COOOM IUIUIICH], 0XBATHIBAIOIIHNE

- Bo3pacraromas ¢GyHKIusA. Todyka IMOKOS HeyCTOHYHMBbIi

Hayajno KoopAuHaT. Touyka MOKOSI HEHTP YCTOWYMBA, HO HE ACHUMMOTOTHYECKH
yCTOMWYMBA.

a) 0) B)

»
»

v

- Y
X=x+/py 1 g

[pumep. | . , A= :
y=x+y I 1

KJ'IaCCI/I(l)I/II_[I/IpOBaTB TOYKHU IIOKOA B 3aBUCUMOCTHU OT IapaMeTpa.
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|A—2E|= 22 —22+1-f, A, =1xB

1) >0

a) f>1, A4 >0,4, <0 cenno,

0) <1, A, >0,4, >0 HeycToiuuBBIH y3en
B) f=1, A, =2,1, =0 BBIpOXKACHHBIN y3eI

2) B<0 A, - KOMIIEKCHO CONPSKEHHBIE.

Tak kak Re()y1 ) = Re(/I2 ) =1> 0, To TOYKa IMOKOSI — HEYCTONYHUBBIN (HOKYC
3) =0 A =4, =1, TouKka HOKOS — HEYCTOMYMBBINA JTUKPUTHIECKHH Y3€l.

Cucrema Tperbero nopsjaka.

3anuiemM ypaBHEHHE aBTOHOMHOW CHCTEMBI TPEThETro Mopsijka X = AX

X a4y a3 | X
Y|=|da Gy Gy | )
z sy 43 dyz \Z

1) Bce KOpHH XapaKTEpPUCTUYIECKOTO YPaBHEHHS ACHCTBUTEILHBI M PA3IHYHBI.

X
Mt =1 At =2 At =3
=Ce"a' +C,e”a*+C.e™a’.
1 2 3
z

Kaptuny moBeneHus (a30BBIX TPAaeKTOPHHA JOBOJBHO JIETKO TPEIACTABHTD,
paccMmarpuBas MoBeJcHHE (Pa30BBIX TPACKTOPUH B TUIOCKOCTSX, HATSHYTBHIX HA IMaphI
COOCTBEHHBIX BEKTOPOB. DTOT CITydail y)Ke U3ydeH BHIIIIC.

a) 4, <0,4, <0,4;, <0

-1 =2 —1 =3 -2 =3 9

B miockocTsx (a , ), (a , ), (a , ), UMeeM yCTOMYMBBIC y3iIbl. Takas
TOYKA IMOKOS TaK ¥ Ha3bIBACTCS — YCTOWYMBBIN y3el.

6) 4, >0,4,>0,4, >0 B minockoctsx (071, 072), (071, 073), (072, 073), HMeeM

HEYCTOWYMBBIE y3Jibl. Takas TOUKa MOKOSI Ha3bIBAECTCA — HEYCTOMYUBBIN y3eJl.

A

(AN
N [
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B) OJUH KOPEHb MMEET 3HaK, IPOTHUBOIIOJIOXHBIA OCTAJIBHBIM JBYM KOPHSIM.
Touka IOKOSI B 9TOM Cilydae Ha3bIBACTCs CEMJIO — Y3eJ U SBIIIETCS HEYCTOMYMBOM
TOYKOM IMOKOSL.

[ycts, Hanpumep, A, >0, 4, > 0,4, <0. Toraa B miockocTu (51', 072) MMeEM

=3

HEYCTOMYMBEI y3€1, a B IUIOCKOCTSAX ( a ), (512,073 ) - cemma. Ecmm

a',
A, <0,4,<0,4, >0, To B IJIOCKOCTH (511,072 UMEEM YCTOMYMBBIM Yy3el, a B
IIOCKOCTSIX (071, 073), (072, 073) - ceqa.
A, >0,4,>0,4, <0. A, <0,4,<0,4,>0

= v

3aMeTHM, YTO B CUTyallMsIX Y3JIOB M Ceajia — y3€J TPaeKTOpus, HauyaBUINCh B
OTIpEe/IeIEHHOM OKTaHTE, HE IEPEXOIUT B IPYrOM OKTAHT.

2) A,- JCUCTBUTEIBHBIH KOPEHb XapaKTEPHCTHYECKOTO  ypaBHEHUS,
A, =y Tiff - KOMIUIEKCHO CONPSIKEHHAs apa KOPHEH.

3amMeTuM, 4TO TIpH U3MEHEHUH HOMEpa KOPHEH cUTyaIus OyneT aHaJoTHYHOM.
B mnockoctn (07‘, 072> uMeeM (pokyc, ycToWuuBbId Tipu ¥ < 0, HEYCTOWYMBBII

mpu ¥ >0.
a) A, <0y <0. Takas Touka MOKOS Ha3bIBAacTCsA YCTOHYMBBIH oKyc.
0) A4, >0 y > 0. Takas TouKka NOKOS Ha3bIBACTCSl HEYCTOMYMBBIIi (oKkyc.
A, <0y<0 A, >0y>0

A A

B) A, <0y>0 wm A, >0y <0. Takag ocobasg TOUKa Ha3LIBAETCI CELJIO0 —
3 4 3 4

(doxkyc u sABIAECTCS HEYCTOMUUBOM.
B nepBoM ciydae 1o ocH ¢° TOYKA T10 TPAeKTOPUH NPHOIHKAETCS K IIOCKOCTH
=1 -2 (V)
(a , ) U YXOJMUT OT HayajJa KOOPAMHAT, TaK KaK Ha CaMOW IUIOCKOCTH HUMEEM

HEYCTOWYMBBIN POKyC.
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Bo BTOpoM cnyyae Ha IJIOCKOCTH (071,072) UMEEeM YCTOWYUBBIN (OKYC,

II03TOMY TPaeKTOPHsl CTPEMHUTCS K OCH ¢, HO YAQIAETCS OT HAavaia KOOPMHAT I10
3TOH ocH, Tak Kak A, > 0.

A, <0y>0 A, >0y<0
A
Q
O
-

®yukuusa JsanmyHosa, «BTopas meroga JIsmyHosa».

Xy

PaccMoTprM aBTOHOMHYIO CUCTEMY X = f (Yc), X=|..m

GyHKIHIO V()c1 yoor X, )

HazoBeM 3Ty QyHKIHIO 3HAKONOI0MCUMENbHOU, €CIN V(x1 yeue X ) >0,

n

3HAKOOMPUYAMEILHOU, ECITA V(x1 yeur X, ) <0

Hazosem ¢dynkuro V(xl,... xn) NOJONCUMENLHO ONPeOeNeHHOl, eCITU

1) oHa 3HAKOIOJIOKUTEIIbHA,

2) V(x,.x,)=0=x,=0,..x, =0

Hazosem ¢dynKIHI0 V(x1 yeee xn) ompuyamenbHo onpeoeeHHol, CIn

1) oHa 3HAKOOTPHIIATEIIbHA,

2) V(x,.x,)=0=x,=0,...x, =0

HazoBem ¢yHkuuio V(x1 yeee xn) 3HaKoonpeoeyieHHol, €CIU OHa SIBISETCS
OTPULIATENILHO ONPEICICHHOMN WM TOJOKUTEIBHO OMPEICIICHHOM.

BaezeM npouzsoonyio gynkyuu  V(x,,...x,) & cury cucmemo )?:]7(55)

dv Hov
:z_

n

dt = ox,
MEXJly IpajeHToM V M BEKTOPOM IPaBbIX 4acTell cucreMsl Tynoi. CienoBarenbHo,
yObiBanue QyHKIMHM V COOTBETCTBYET JBHKEHHIO 0 ()a30BBIM TPAECKTOPUAM BHYTPb
JMHHUU YPOBHS V()c1 your X, ) =C.

f; - 3amerum, 4rto C;—It/ = (gradV , ]7) [Toatomy, ecnu Cil_lt/ <0, 1o yron

Ha sToM ocHOoBaH mMeton (pyHkumii JIsmyHoBa. OTOT METO CBOAUTCA K TPEM
TeopemaM JIsamyHoBa.

Teopema JlanyHoBa 006 ycroituuBoctu. Ilycts cymectByer ¢GyHKUuA
V(xl,...xn) (pynkuus JlsnyHoBa), MOJIOKUTENBHO OIpeJeNeHHas W HMeroIas

V . -
3HAKOOTPULATCIIEHYIO 7 B HCKOTOPOH OKPECTHOCTU TOUKH X = 0.
t
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Torma TpuBHaIBbHOE pELICHHE aBTOHOMHOW CUCTEMBI fc(t)EO YCTOWYUBO IIO
JIanyHOBY.

Teopema JlsimyHoBa 00 acumMnrorHdeckoil ycroWumBocTu. IlycTh
CYILECTBYET (DYyHKLUSA V(xl,...xn), IOJIOKUTENNBHO OIPEIECICHHAs] M HUMEIoLas

dv . -
OTPULATCIIBHO OMMPECACIICHHYIO 7 B HCKOTOPOU OKPECTHOCTU TOUKH X = 0.
t

Toraa TpuBHaNbHOE PELICHHE AaBTOHOMHOM CHCTEMBI J?(t) =(0 acUMNOTOTHUYECKU
YCTOMYHMBO MO JIAMyHOBY.

Teopema JlanmyHoBa o HeycroiiuuBocTH. I[lycth V(O):(). ITycTp d—V

3HaKOOMpeeJIeHa B HEKOTOpoil okpecTHOocTH Touku X =0. Ecimu B moboi
OKPECTHOCTH TOYKH X = (0 HalAyTcs Takue TOYKH, B KOTOPBIX 3HAKH V(xl,... xn) u

7 COBITIaAar0T, TO TPUBUAJIBHOC PCIICHUEC aBTOHOMHO# CHCTEMEI HCyCTOfI‘IPIBO.
t

F=—x—y—-x' -y’

[Tpumep. )
y=x=y+xy

Beibepem V = x” + y*

v eV . ov
— = fit—fy =2xl-x—y—-x" =y J+ 2p(x -y +xp) = 2x* (1 + x* )= 2)°
=) ayfz (~x—» ¥ )+ 2(x—y+x) (1+x*)-2y
V TIOJIOXKHUTEIBHO  OTpEJIeieHa, 72/ OTpMIATENBHO  ompenelieHa.  IlosTomy

TPUBUAIBHOE pEUICHNE aCUMIITOTUYECKH YCTONUHBO.

X=y+x°
y=-x+y’
Bribepem V =x” +y°
dv oV

Ezﬁ_xfl +%f2 :Zx(y+x3)+2y(—x+y3):2(x4 +y4)

[Tpumep.

Vu 7 IMOJIOKHUTECIBHO OIPCACICHBI, IMO3TOMY TPUBHAJIBHOC PCUHICHUC
t

HEYCTOWYHUBO.

Jlekuus 25. IIpudau:xkeHHOe BHIYNCIEHNE HHTErpaJja.

b
Yacto HYKHO BBIYUCIIUTHL HUHTCIpal I f (x)dx, a aHAJIUMTHYCCKH OTO CACIIAaTb

a
HEBO3MOXKHO (MHTErpaj He OepeTcs) WM CIMIIKOM I'poMO3AKO. Toraa mpuMeHsoT
NpUOJIMKEHHbIE METO/bl BBIUMCIICHUSI MHTErpaja Ha OTpe3Ke, MO0 KOTOPHIM IMHUIIYT
JITOPUTMBI U MIPOTPaMMBbI pealn3aluu 3TUX MeToJIoB Ha DBM. UucnenHsiit pacuer
JaeT 3HAYEHHE HMHTErpaja ¢ HEKOTOPOH MOTPEIIHOCTbI0, KOTOpas 3aBUCUT KakK OT
MOTPEIIHOCTH  METOJAa, TaK M OT TMOIrPEeHIHOCTH BbluMciaeHud. Yame Bceero
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paccMaTpuBalOT PaBHOMEPHYIO CETKY, pa3OMBas OTPE30K [a, b] Ha OTPE3KH JJTHHBI
b—a

maroMm h: x, =x,+kh, k=0,lL..,n,a=x,,b=x,,n=

1. ®opmyabl NPpIMOYroJILHUKOB.

O6o3HauuMm y, = f (xk). 3aMEHUM HMHTErpajl UHTErpajJbHONW CyMMOM, BBIUNCIISISA
WIoMmaas 1MoA TrpadukoM (QYHKIUH KaK CyMMY IUIOMIAJeH MPSIMOYTOJBHUKOB C
ocHoBaHueM h, Beicotamu ), .

Ecnu Ha mepBoM OTpe3Ke BBICOTY NMPSIMOYTOJIBHHKA MOXKHO BBIOpAaTh Kak J,,
TOT/Ia Ha TIOCJIEAHEM OTpEe3Ke BBICOTa NPSIMOYroJibHHKA YV, . llomyuum nepeyio
Gopmyny npsamoy2oIbHUKO

If(x)dx ~ h(yo +...+yn_]).

Eciu Ha mepBoM OTpe3Ke BBICOTY NPSIMOYTOJIBHUKA MOXKHO BBIOpaTh Kak ),
TOrJa Ha IOCIEAHEM OTpe3Ke BbICOTA MNpsiMOyrojapHuka y,. Ilomydum emopyio
G opmyny npsAmMoy20IbHUKO8

jif(x)dxzh(y1 o+ Y,).

OneHuM MOrpemHocTh GopMyin HPSIMOYTOJIbHUKOB. Pazmoxum f (x) B psA

Telmopa ¥ OLIEHUM OCTATOYHBIN YIEH.

Z[Jm MepBOM (bopMynLI MPAMOYTOJIbHUKOB
1 Xo+(k+1)h

Ifx)dx z jyk+y W)dx < h(y, +...+y, )+ MR*n=h(y, +..+y, )+ M(b—a)h,

k=0 x,+kh
rae M =maxj, , 1'(x).

Z[Jm BTOpOU (1)OpMy.]'II>I MPSMOYTOJIbHUKOB
1 xo+(k+1)h

If )x = Z j Vi + V' (@M)dx < h(y, +...4+ y, )+ Mh*n=h(y, +...+y,)+ M(b—a)h,
=V xo+kh

rae M =maxj, , f’(x).

Taxum 06pazom, 06e GopMyIIbl TPSIMOYTOIBHUKOB JIAIOT TIOTPEITHOCTD TOPSIIKA
h u sBJsIFOTCS POPMYITaMU MTEPBOTO MOPSIIKA TOYHOCTH.

MO’KHO MOBBICUTHh TOYHOCTH (POPMYITBI IPSIMOYTOJIBHUKOB 3 CUem 8blYUCIeHUs]
QyHkyuu 6 cepedunax ompeskos pazduenus. llomydaem mpemvio popmyny
NPAMOY20NbHUKOS

if (x)dx = h( f(xo " gj ot f(xn_l " %D |

OneHuM NorpenrHoCcTs ATOH GOPMYIIbL.
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b 1 Yo +(k+1)h h i 1 i
X )dx = x,+—|+flx+=|x—x, —=|+=f"@0) x—x, ——
uf() f(k 2) f(k 2)( : 2] 2f()( (=5
h
h(f(x0+5j+...+f(xnl+ D+
xo+H(k+1)h
S hil hY ke, 1 1( hI
+ Tx,+—=|=|x—x,—=| " +=1"0)=| x—x, —= <
k—Of( k 2)2( X 2j |x0+kh 2f( )3 X=X 5 |x0+kh

h(f(xo +§j+...+f(xn_] +§D +O+%(b—a)h2

Takum 00pa3oM, TMOTPEIIHOCTh TPEThel (HOPMYIBI MPSIMOYTOJIBHUKOB HE
M
IPEBBIIIAET 2—42( —a)h’, Tme M, =max,, f "(x). Dra  dopmyna

MPSIMOYTOJTPHUKOB UMEET BTOPOH MOPSIOK TOUHOCTH.
2. ®opmyJia Tpanemuii.

CnoxuM TeEpBYI0O M BTOPYIO (OPMYIbl TPSIMOYIOJBHUKOB | Pa3JeinuM
nortosiam. [Tomyaum ghopmyny mpaneyuii

b
1 1
[ f(x)ax ~ h(zyo Y et Vo +5ynj
[Tosichnm HazBanue popmynsl. [Ipubnusum momans noa rpadukoM QyHKIIUHA
1
Ha OTpE3Ke [kh, (k+1)h] TIJTOIIA/IBI0 TPATICIIHH E(yk + yk+l). CymMmupyst TUIOIIaIN

10 BCEMY OTPE3KY HHTETPUPOBAHUS, MTOTYIUM

b
1
[ R A T O O LT RS UREE R b

1 1
h EyO +yl +"'+yn—l +Eyn

Annpoxcumupyem yHKyuro KycouHo — IuHeuHou hyHKyuell, SHAYeHUST KOTOPOH
COBIAJAIOT C 3HaUYEHUSIMU (QYHKIMU B Toukax pa3duenus. [Inomaapr nmon rpadpukom
KYCOUHO — JTHHeitHO# (ynkuuu Ha otpeske [kA, (k +1)k] cocrasur

1 1
vih +5(yk+1 —y, = E(yk +y,,). CyMMHUpys IUIOIaAM MO BCEMY OTPE3KY

HMHTETPUPOBAHUS, IOTYYHM BHOBb (OPMYITY Tpareuuu.
MosxHo moka3aTh, 4ro ¢opmyna Tpanenuii — ¢GopMmylia BTOPOrO MOPSIKA
TOYHOCTH. [lorpemHocTh BBIYUCICHHUS WHTETpaia ¢ MOMOIIBIO 3TOH (GOopMysbl (3TO

M, 5
MOXHO TIOKa3aTh) HE IPEBBIIIACT E(b—a)h , T.€. B JIBa pasza OoOJIpIlle, YeM I10

TpeTbell popMysie MPSIMOYTOJIbHUKOB.

3. ®opmysa CUMIICOHA.
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Annpoxcumupyem  GyHKuuo f (x) Ha OTpe3Ke pazOMeHus KBaJAPATUYHON

ynxuumen f, = ax’ +bx + ¢ Tax, 4ToObI

flkh)= £, (kh), £((k+Dh)= £, ((k+Dh), f(k+2)n)= f,(k+2)), k=0,2,...

v

Jlemma. J.(ax2 +bx+c)dx _hy

[fq(u)+4fq<”gv>+fq(v)]

Hoxaxem nemmy st u = kh, v = (k +2)h. Cnenaem 3ameny z =x—(k+1)h.
Torma popmyia cBeneTcs K Cleayomei:
h
h
J-(ax2 +bx+c)dx = g[fq (—h)+ 4f, (O)+ fq(h)].
—h
h

JleBas yacth J'(ax2 +bx+c)dx = %ax3 " +%bx2 " +2ch = %a}ﬁ +2ch
—h

IIpaBas gacThb g [ah2 —bh+c+4c+ah® +bh+ c] = %ah3 +2ch . JleMma nokazaHa.

b—a
2n )

[lpuvMeHnM  JleMMy K OTpeskaM  |x,, x, +2h], [x, +2h, x, +4h],..., momyuum

Pa3o0peMm Temepb OTpe30K MHTErPUPOBAHUS [a, b] Ha 2N vacrert, (4 =

¢dopmyny Cumncona

b
h
_[f(x)dx zg[)/o R T A o N S 3 TN I SO NP S D +y2n]:

h
3 [vo + 49, + 2y, + 4y, +2p, +.c+ 21, 5 +4v,,  + 1,0 ].

MoxHo mokazaTh, 4To Gopmymna CumincoHa — gopmyra uemeepmoco nopsoKa
M,(b-a),,
mouHocmu, ~ €¢  TOTPEINIHOCTb  HE  TPEBOCXOJHT Tk , TIme

_ )
M, =max,, f (x) DTO 03Hayaer, 4To NpU HHTETPUPOBAHUU MHOTOUJICHA
TpeTbeil creneHu Gpopmyna CUMIICOHA TOUHA, €€ MOTPEIIHOCTh PaBHA HYIIIO.
1

IIpumep. Beruuciauts npubiamxeHHo | :Ix3dx = i C marom h = i
0

1 1 1 27
1 I=—|0+—+—-+—1=0.14, £=0.11,
(bopmyna mpsIMOYroJIbHUKOB 4( PR 64)
2 GopmyIa NpsSMOYTrOJLHUKOB I—l L+l+2+1 =039, ¢=0.14
PR HIPAROTE 2648 64 S eTE
(1 27 125 343
3 I =— + + + =0.242,¢£ =0.008,
(bopmyna mpsMOYTOJILHUKOB 4(216 16 316 216)
dopmyna Tparenuit [ = %(0.14 +0.39)=0.265, £=0.115.
1 4 2 4.2
®opmyna Cumncona [ = — O+—+—+—7+1 =0.25 ¢&=0
12 64 8 64
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Jleknusi 26. O030p 4MCJIEHHBIX MeTOA0B pemeHus 3axaun Komm s
00BIKHOBEHHBIX JH(PepeHIHAIbHBIX YPABHEHHU.

bynem paccMarpuBarTh CXEMbl YHCICHHBIX METOJOB [JIs YPAaBHEHHUS IEPBOrO
nopsiKa

y'= [l y) vxg)= .

DTO — camblil MPOCTOM cilydail, HO K HEMY IO aHAJIOTHUU CBOJSATCA CXEMBI
METOJIOB Il CUCTeMbI AU PepeHITUANBHBIX YpaBHCHUN U s audepeHnaibHOro
ypaBHEHUS N- TO MOpsJIKA.

1. Metoabl, 0CHOBaHHbIE HAa pa3ioxeHuu pynkuuu B psia Teitsopa.

3anuiieM pasnoxxeHue GyHKIUH B psj Teisopa B OKpeCTHOCTH TOYKU X

~\2
(- %)
(¥)*=—

M) = (%) + (o = 3)+ (%)

PaccMoTpuM paBHOMEPHYIO CETKY 110 X @ a = X, X, + h, X, + 2h,... x, + nh,...

+...

X,,—X,=h, Torma pasznoxeHue QYHKIUU B Pl

n+l2> n

Ilycte x=x,x=x
Telmopa MOXKHO 3anucaTh B BUIE

h
yn+l =yn +h(y'('xn)+y"(xn)5+“'j :yn +hA(xn’ yn’ h)’ rane

A 7,0 )=, )4 37, )

[ToncTaBuMm B A(xn s Vs h) u3 nuddepeHInanbHOT0 YpaBHEHUS

V)= £ v, ) 3 0) = (. )

[ v )+ 13 2,0 (5,0 9,)
Torma A, 7,0 1= 9,0 3, h)= (2,421,024 115,02, (5,03,)

yn+1 = yn +h¢(xn’ yn’ h)
37’]’[0 — OCHOBHA:s pacdennas cﬁOpMyﬂa.
VI{I/ITLIBa}I B qD(Xn ’ yn , h) cJlaracéMbIi€ C IIPOU3BOJHBIMU BLICHIUX ITOPSAAKOB,

oy = Lo v )+ £, v, (%, 9,)=

MOJTy4YrM 00Jiee TOUHbIE TPUOIMKEHHBIE (POPMYIIBI.
Ecnu B3sTH go(xn s Vs h) =f (x” , ), TO TIOJTy4YUM MeToJ Jiijiepa

yn+1 :yn +hf('xn7 .yn)
2. Metoanl Pynre — Kyrra.

OcHoBHas nacia MCToJ0B PYHI‘C — KYTTa — BMCCTO BBIYHCJICHHA ITPOU3BOAHBIX
BBICHIHUX IIOPAOKOB B gp(xn, Vs h) BBIYMUCIIATE 3HAYCHMUA (byHKI_[I/II/I B HCKOTOPLIX

TOYKAX, OTIIMYHBIX OT X, .
Bribepem

(P(xna Vs h): le(x, J’)+czf(x+ ha,, y+ thIf(x, y))
Pasnoxum ¢(x,, y,, ) no h

(9(xna Vs h): le(x, J’)+czf(xa y)"'szX‘(X, y) ha, +czfy'(x,y)hb21f(x, y)"'---:
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(Cl +cz)f(xa y)"'hcz(fx‘(x’ y)Cl2 +f);(x’ J/)f(X, y)b21)+"'

CpaBHMM C MPUBEIECHHON BBIIIIE OCHOBHON pacueTHOU (hopMyInoit

A 2, 1) 0005, 0 )= £, 7+ 5 0, )+ £ ) 9,)

yn+1 = yn +h¢(xn’ yn’ h)
U ompenesuM Ko3(p(GUIUUeHTsl ¢, ¢,, d,, b,,
1

¢ +c, =1, c,a, =5 c,b, =—.

2

1 1
Ilyers ¢, =, torma ¢, =l-a, a,=—, by =—.
2a 2a

Ecmma=—, mo ¢, =c,=—, a,=b, =1.Toraa

1
2
Pl 3 1) =3 (13, )+ £, ey, B G, )

N | =

h
yn+l :yn +h(0(xn’ yn’h): yn +E(f(xn’ yn)+f(xn +h’ yn +hf(xn’ yn)))

910 — MeToa XO0HHA.

Eciu B popmyne y,., =y, +ho(x,, y,, h). BEIGpath

r—l1

(o(x, ¥, h)= icrkr, k, = f(x, y), k. = f(x+har, y+ thrsksj, r=23..n,
r=l1

s=1

TO MOJYYUM SIBHBIA M — maroBblii (M — ToyeuHblil) meToa Pynre — Kyrra.

Haubonee pacripoctpaneH siBHbIH YeThipexToueuHblid MeToa Pynre — Kyrra

Yot = Vn +%(kl +2k, + 2k, +k4)

h h
kl =f(‘xn’yn)’k2 zf(‘xn +§’yn +Eklj’

h h
k3 zf(xn +§> Y +Ek2j9 k4 :f(xn +h’ Yn +hk3)
B sBupIXx Mertomax Pynre — Kyrra 3HaueHuMst k&, BBIYHCISIFOTCS TOJIBKO IO
HpPEbIAYIIUM 3HaYeHUsIM k,, ..k, ;.

B neagnvix memooax Pynee — Kymma 3HaueHus k., BBIYMCISIOTCS Kak I10

npeablaylmuM k,, ...k, |, Tak U MO MOCIEAYIOIUM 3HaYeHusM k,,,, ...k, . [lostomy B

r+l2

9TUX METOAaX IMMPUXOAUTCA CIIC PCIIaTh CUCTCMY ypaBHCHI/Iﬁ OTHOCHUTCIIbHO k,, .

HesiBubiii M — marosBeiii Metoa Pynre — KyTra M0oXHO 3anucaTs B BUZIE
yn+1 :yn +h(0(xn’ yn’ h)

(o(x, v, h) = icrkr, k. = f(er ha,,y+ hibmks ], r=123..m,
r=l1

s=1
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3. Meroabl Agamca.
Nnes meronoB Anmamca — HWCHOJB30BaTh HE MPOMEKYTOYHBIC BBIYMCICHUS
3HaueHUH npaBo yacTu auddepeHnaIbHOTO ypaBHEHUS BHYTPU OTpe3Ka [xn, X, ],

a 3HAuYeHUs MPABOW YACTU HA NPENbIAYIIMX arax (CAesliaTb METOJ METOJOM «C
MaMSITBIO» ).

X+pu

B bopmyne y(x+ p)—y(x) = J. £, y)dx 3aMEHUM £, y)

HUHTCPIOJALNUOHHBIM IMOJIMHOMOM Hrrorona P(X)
SIBHbIe MeTOAbI Anamca (Axamca — bamdopra).

BosbMeMm x =x, u=h, HO uHTerpan OyaeM OpaTh MO HPEABIAYLIEMY OTPE3KY
[xH, X, ] Tornma

X, X, k
Vor =¥, = [ fley)dx= [P(x)dx~hY y!V'f,
X, X1 r=0

3nece V' f, - KOHEUHas pa3HOCTH 7 - TO MOPSAIKA:

Vs, = £V = fo = [ V2 =V =V £

HO)ICTaBJ'ISISI OTH PA3HOCTH, MMOJIYyIUM

k
Vor =Y, = hz B[, (K—wacosvi senuviii memoo Aoamca — bawghopma)

r=0

[Tpumep.
| 1o o= 2+ 1) =+ 50 = )=+ 2 = 1) = 5 6, = )

X,

[Tony4yen siBHBII MeTox Axamca — bamgopTa Broporo mopsiaka (IByxmiaroBblii)
Vit = Vo + g(% ~foa).
bonee Touen meton Anamca — bamgopra 4eTBepTOro NopsiaAKa:
Voo =0y (551, =59, 4371,291,.2)

3ameTuM, ecnu y, 3ajaHo (B 3agaue Komm HayanpHOE yclIOBHE 3aJaeTcsl), TO

n—1

ISl TOTO, YTOOBI Havasl paboTaTh MeTox Afamca 4 MopsKa, HY)KHO BBIYHCIIUTH CIIIe
3Ha4eHUs (KakKUM-IM0O APYTMM METOAOM) V., V,, V. lorjaa u3 cucreMsl (opmyi

Anamca bamdopra, BBITUCAHHBIX I V,, V,, Vs, V,, BBIYUCISIOTCS 3HAYCHUS
npaBbIX wactedt f,, f,, f,, f;, HeoOXoauMble Juis TOro, 4YTOOBl METOJl Hayail
paloTatk. 3aTeM yxXe 110 3TUM 3HaUEHHSIM 10 (opMysie METOJIa ONPENEISIOTCS Vs ... .

Ota mpolleaypa Ha3bIBAETCS «Pa3sTOHOM METOJIa» U SBISETCA 00s3aTeIbHON B
MeTomax Amgamca.

HesiBHbIe MeTOabI Afamca (Anamca — MyJiToHa).

Bosbmem x = x, u = h, uaterpan Oynem Opath IO OTPE3KY [xn, X ] Torma

n+l
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X+l Xnt1 k

k
Vor =¥, = [ Fley)dx= [P(Mx~hY yIV' f, =hY B, f,.,
r=0 r=0

x)l xl1

3nece V' f, - KOHEUHas Pa3HOCTb F - TO MOPSIIKA!

(VOf, = £V s = fo= [ V2 =V =V £

HOI[CTaBJIHFI 9TH PA3HOCTH, MMOJTYyIUM

k
Vost =V, = hz B[, (K—wazoswvui saenuviii memoo Aoamca —Mynmona)
r=0
@dopmanbHO OH 3alKCcaH B TOM K€ BHJIE, YTO U MeTo Anamca — bamigopra, HO
pasHuLa CYyIeCTBEHHAa: B MeToJie Ajnamca — MynToHa B JIeBOM 4acTW ypaBHEHMS

IIPUCYTCTBYET ), ., , a B IPABOM 4acTH NpUCYTCTBYeT f .,.lloaTOoMy nmpuxoautcs eme

pelaTb CUCTEMY YPaBHEHHUH s SIBHOTO OIIPENEICHHS Y, ., -

Xni1

[Tpumep. I f (x, y)dx ~ %( o+ fa ) [TosTomy umeem popmyny

xn

h
Yoy =Y, + 5( f,+ fnﬂ) mMeToaa Agamca — My/ITOHAa BTOPOIo NOPsSiAKA.

boitee ToueH merox Axamca — MyJITOHA 4eTBEPTOro MOPSAIKA

h
yn+1 :yn +Z(9fn+l +19fn _an=1 +fn—2)'

OTH METOIBI TaK)Ke TPeOYIOT pa3roHa.

O0600menneM MeTonoB Ajmamca SIBISIIOTCS JIMHEHHbIE MHOIOIIArOBbIe
METO/bI

k k
2%y =hY Bifrys n=0l.
=0 =0

Ecimun f, =0, T0o MeToxa — siBHBIH, eciiu 5, # 0, TO METO — HESBHBIM.

Ecte MeTOnmpl, codeTarole SBHBIE M HESIBHBIE dTalbl — METOAbLI. TaKOBBI,
HaIrpuMep, METO/IbI TUTIA MPEAUKTOP — KOppeKTop (npenukrop P — mpeackasarens —
SIBHBI MeToJ, KoppekTop C — HEsSABHBIM METOM). DTH METOJbI COJAEpPkKAT OOBIYHO U
stansl BerunciaeHus Gpyakuuu E. Pacnipoctpanenst metoapl PECE u PEC.

Paccmotpum B kauectBe metona P meton Anamca — bamdopra 2 ro mopsiaka, a
B KauectBe Metoga C — metoa Anamca — MynToHa 2 1o nopsiika.

CxeMa MeTo1a MOKET OBITh 3alicaHa B BUJIE.

P oy,=y,+ §(3fn ~fot)-
E fra =S50 )

C =2, 454 S
E fra =500 Y0a)

Metrong P «Ipe€ACKa3bIBacT», IPOTrHO3UPYET ), ., BBIYUCISCTCS 3HAYCHUC

IIpaBOM 4acTH, KOTOPOE UCHOJb3yeTcs B MeToge C — «KOpPEKTOpe» Ul KOPPEKLUU
npubIMXKeHus y,,,, 3aTeM BBIYMCIIETCS Oojiee TOYHOE 3HAueHHE NpaBOM YacTw,

KOTOPOC BHOBBb UCIIOJIB3YCTCA B METO/IC P.
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CXOI[I/IMOCTL, yCTOﬁ‘lHBOCTL Pa3HOCTHBIX CX€M, IOPHAAOK TOYHOCTH
METOI0B.

BooOmie-to 310 — Tema OTAEIBHOTO Kypca, HO HENb3sl TOBOPHUTH O METOJax
pemeHus tudGepeHIaIbHBIX YPaBHEHHI U HE CKa3aTh XOTsI ObI HECKOJBKO CJIOB O
CXOJIMMOCTH YHCJICHHBIX aJITOPUTMOB, YCTOHYMBOCTH BBIYHCIUTEIBHBIX CXEM U
TOYHOCTH METOJIOB.

PaccmoTpuMm nmuddepernmansHoe ypaBHEHUE { y=f (x, y), paBHOMEPHYIO
CETKY Ha OTpPEe3Ke UHTErPUPOBAHUS [a, b]: X, =a,x,=a+h,.x, =a+nh,.b.

PaccmoTpuM  cerounyro  pyHKUHMIO ) IIPaByl0 4YacTb YypPaBHEHMS,
OTIPENICTICHHYIO Ha CETKE f(xk, Vi ), k=1..n, y = y(xk).

Beenem annpokcumanuy mpou3BO JHOM:

, 1 , 1 , 1
Vi :_(yk+1 _J’k)’ Vi :_(yk _yk—l)’ Yro :_(yk+1 _yk—l)'

h h 2h
Y '= S (X, Y )
3amaua Komm (muddepennuanpHas 3amada) 3aMeHsIeTCs
y (xo ) =)o
) ) . [ L)=S
Pa3HOCTHOI 3a1a4eii (pa3HOCTHOM cXeMOii)
y (xo ) =Xo

(n) — ¢)
wm L,y = f".
Pa3noctHas cxema otnuyaercs oT nuddepeHINanbHOTO YpaBHEHHSI T€M, YTO
(GYHKIMHU 3aMEHEHbI CETOYHBIMH, TPOM3BO/IHBIE 3AMEHEHBI UX AIIPOKCUMALIUSAMH.

y(h)- pelieHre pa3HOCTHOM 3a1aun, y - pemeHue nuddepeHnransHoi 3aaa4u,
U]h - ceTouyHast QyHKIHUS, TOCTPOCHHAS TI0 ) .

CX0AMMOCTh PA3HOCTHOI CXeMbI ¢ mopsiaKom /" .

Pemenne y" cxomutes x y ¢ mopsaxom ¥, ecin H[y]h - y(h)H <Ch"*,.

(C >0,k >0, [ = max,[]).

Annpoxcumanusi ¢ nopsigkom 4 .

ITycrts 3amava L, y® = ) pyeer enuncTBeHHOE peneHHe.

[ycrts L, Lv]hz f(h) + éf(h) (éf(h) - HEBSI3KA).

PasHocTHas 3a1a4a annpoKCUMUpPyeT Tu(epeHIIHaTbHYIO 3a1a4y Ha PEIICHUH
y ¢ mopsamkoMm h* , ecm Héf(h)u = maxh[éf(h)]é C,h".

y'=flxy)

y (0) =X

[Ipumep. Paccmotpum cxemy Diinepa i 3a1a4u {

:f(xn’yn)' yn+1 :yn +hf(xn7.yn)’

Vw1 =V
PasnocrtHag 3agaua %

yn+1_yn
h
L] =20 ) oli)= 19, ) roll). To eee, o) =olh),

CJI€10BATCIIbHO, CXCMa Bﬁnepa JAacT alMpOKCUMAIUIO IICPBOTO MOPAAKA.

= y'(x, )+ o(h). TTosromy
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3ameuanue. OMMOKY anmMpOKCUMALMK 7 MOXKHO OLIEHUTH 10 mpaBuay Pynre,

h
pemras nuddepeHmanibHOe YpaBHEHUE ¢ aroM /i, a 3aTeM C II1arom 5 U CpaBHUBAs

[y(h) _y(h/z)]
y(h/z) _y(h/4)

pelICHUS: 7 = ~ 27, rae p - NOPSAAOK allpOKCUMAIIHH.

Y CTOiYMBOCTH PA3HOCTHOM CXEMbI.
PaznoctHas cxema Ha3bIBaeTCs YCmou4ueot, eciu

3h,, 6 > 0, umo ona Vh < hO,VHS(h)H <Spashoctnas  sajgaua L,z = f) 4 g
HMMEET €IMHCTBEHHOE pEIlIeHNE z" rakoe, uto Hz(h) — y(h)H < Cug(h )H :

Jlpyrumu cioBaMu, Ipy MajblX BOSMYIIEHUAX f ™) paro BO3MYILIAETCS y(h ),

Teopema. IlycTb pa3HOCTHasi cxeMa amnmpokcuMupyer IuddepeHIranIbHy0
3a7a4y Ha pelIeHHH y C mopsmkoM h* u ycroitumsa. Torma perieHue pasHOCTHOM

3a/a4M CXOIUTCA K y € TOpsakoM h*, mpudem H[y]h - y(h)HS CC,h*. 3necy C, -

KOHCTaHTa annpokcuManuu, C — KOHCTaHTa YCTOMYHUBOCTH.
Hoxka3zarenscTtBo. IlycTh e = o (h), TOrJa TO €AUHCTBEHHOCTU PENICHUS

(ompenenenre yCTOMYMBOCTH) U OTIPEICTICHUIO alMPOKCUMAITHHI b/] L = z"  Torma

D], - %) < ) = clgr®] < cC i upm £ = 5 e 2 =[y],).
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